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All questions may be attempted but only marks obtained on the best four solutions will

count.
The use of an electronic calculator is not permitted in this ezamination.

1. In all of the following B is as standard Brownian motion, and all stochastic differ-
ential equations are assumed to be of Ito type.

(a) Find the stochastic differential equation for X; = exp(aB; — [5t), where o and
[ are constants, and find the relationship between o and 3 that makes the
drift term exactly zero.

(b) Suppose that X; = 0B, + ut, where ¢ and u are constants. Suppose that X
starts at z € [0,1] at time ¢t = 0, and is stopped at the first time T where
either X7 = 0 or X7 = 1. Find ¢(z) = P*[X7t = 1] by first finding an ordinary
differential equation (and boundary conditions) for ¢, and then solving this
equation.

(c) Consider ¢ of part 1b, and find

lirr%)¢(:r), 0<z<1.

2. Consider the motion of a diffusing particle, starting at the origin at time ¢t = 0,
in a two-dimensional shear flow governed by the following coupled Ité stochastic
differential equations:

dX: = vY;dt + 0dB;, dY; = odW;,

where ¥ and ¢ are constants, B and W are independent standard (one-dimensional)
Brownian motions, and (X,,Y;) is the particle position. Find the following expec-

tation:
ElY), E[XJ E¥}  EX), EXY]
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3. Consider the following differential equation for f(z):

af\* | &f (df\?
E(aﬁ) +@ (a) +2f =0,
in which ¢ is a small positive parameter, € < 1.

Find the scalings f = £*F and stretches = = a + €7z at which two dominant terms
balance, and sketch these balance scalings in the a—3 plane. Hence determine the
critical scaling and stretching at which all three terms balance.

Show that the function
9(y) = cosy +siny

satisfies the ordinary differential equation

d2g\* d%g (dg\?
-2 (= 2g =0
(dyz) +dy2 (dy> Tee=0

and deduce an exact solution to the original equation for f (z).

If we are constrained by the boundary conditions to have a = —2, what two values
are possible for 57

4. A function f(z) satisfies the following differential equation:

d’f df
£ @ + a -+ f =1,
with boundary conditions f(0) = 0, f(1) = 1. The parameter ¢ is small and positive,
e L

Find an exact solution to the governing equation which satisfies the boundary con-
dition at x = 1.

Assume that there is a boundary layer near z = 0. How does the size of this layer
scale with £? The solution in this “inner” region, satisfying the boundary condition
at z = 0, can be expressed as an expansion in €. Calculate the first two terms of
this expansion.

Match your two expressions to determine any unknown constants.
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5. (a) Let z=z + 1y and z = z — 7y. Show that

0_2.,0
dr 8z 03

Find also a similar expression for a%‘
Let f(z,y) = u(z,y) + iv(z,y), where u and v are real functions. State the
Cauchy-Riemann equations in terms of partial derivatives of u and v, with

respect to z and y. Show that they are equivalent to 0f/0z = 0.

(b) Show that
52

=4—,

0202
where V2 is the Laplacian operator. Let w = f(z) be an analytic function of
z which conformally maps domain D in the z-plane to domain A in the w-
plane. Show that ¢ satisfies Laplace’s equation in D if, and only if, it satisfies
Laplace’s equation in A.

v2

(c) Steady temperature T(z,y) satisfies Laplace’s equation in a two-dimensional
region consisting of two semi-infinite plates |z| > 1, y = 0. The right-hand
plate has temperature 7' = 0 and the left-plate has temperature 7 = 1 (see
figure). Letting z = x + ¢y, find the images of the points A,B,C,D,EF under
the map w = z + v/22 — 1, where the sign of the square root is chosen so that
it has positive imaginary part. Note that points B and D correspond to z = —1
and z = +1 respectively, and the other points are at Rz = *oo either just
above or below the plates.

A E
C T=1 T=

T

Deduce that the region in the z-plane maps to the upper half of the w-plane.
Solve Laplace’s equation in the w-plane and show that between along the
straight line segment BD

T(z)= %tan‘l (E) .

z
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6. (a) Define what is meant by the Schwarz function S(¢) for a curve 8D in the
complex (-plane. Find the Schwarz functions for (i) unit circle centred at the
origin and (ii) the imaginary axis.

(b) Themap z = a( + 8/{, 0,8 € R, 0 < B < a, maps the exterior of the unit
circle centered at the origin in the (-plane to the exterior of an ellipse in the
z-plane. The ellipse has major axis of length 2a aligned with the real z axis
and minor axis of length 2b aligned with the imaginary z axis, where a = a + 8

and b=a — (.
Show that the Schwarz function for the ellipse in the 2-plane is given by
ab
S(z) = — + —=z.
(2) = — c ot

The ellipse represents the boundary of a patch D of uniform vorticity with
unit magnitude. The ellipse is observed to be steady when placed in a uniform
strain field having velocity components ug = —ey and vg = —ez. Consider the
velocity field given by

. { —2(2—F(2)) +iez, z€ D

U—tv= ; (1)
— 5G(2) + ez, z¢ D

where G(z) = ab/(a() is an analytic function outside D and F(z) = S (2)-G(2)
is analytic inside D.
Given that the vorticity is w = v, — u,, show that if u — v = A(z), where
A(2) is any analytic function, then the vorticity is zero (i.e. irrotational flow).
Hence show that the velocity field (1) is irrotational outside D and has unit
magnitude inside D. Further, show that u — {v is continuous on 8D and tends
to the uniform strain field at large distance from the vorticity patch.

By demanding that on 8D the velocity u + iv be parallel to the boundary of
the patch show that

_ abla—1b)

~ (a+b)(a? +b2)

[Hint: the boundary 8D can be parameterised as 2(0) where ( = e, 0< 0 <
27
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