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All questions may be attempted but only marks obtained on the best five solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

1. Consider the  following system of linear equations: 

2w + x + y - 4z = 0 
w + x + y + z = 4 

3w + 2x + 2y - 3z = C 

(a) Write the  system in the form of a matr ix  equation. 

(b) Reduce the  augmented  matr ix  of this system to echelon form. For what  value 
of C does the  system have a solution? W h a t  is the  rank  of the  augmen ted  
matr ix  in this case? 

(c) Find the  general solution of the  system (with your value of C from par t  (b) 
above) in the  form a_ + sv 1 + tv  2 where a, v 1 and  v 2 are vectors and s and  t are 
scalars. 

(d) Apply the  Gram-Schmidt  process to  the  pair of vectors vl ,  v_ 2 to give two new 
or thonormal  vectors ~1 and ~ .  

. (a) Explain what  is meant  by eigenvalues and eigenvectors of a square ma t r ix  A. 

(b) Find the  eigenvalues and eigenvectors of the following matrix:  

3 - 2 )  
_ A =  2 - 2  • 

(c) Find the  general solution, x(t) and y(t), to the  pair  of ordinary differential 
equations: 

dx dy 
d-7 = 3x - 2y - 1; d--{ = 2x - 2y + 2. 

(d) A part icular  solution to the system of (c) above has x(0) = 7 and  y(0) = 6. 
Find the  explicit form of x(t) and y(t) in this case. 
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. (a) Find the general solution to the differential equation 

d2y 
5Xd~ + 8y = - 3 x  a. x 2 

d x  2 

(b) A solution y(x) to the differential equation in (a) above satisfies 

y(1)  = 0; y (2)  = 0. 

Find the explicit form of y(x), and calculate y(3). 

(c) Find the general solution to the differential equation 

d2f 
4d-~ f. + 5 f  = 0. 

dt 2 

4. The Fourier series for a function f(x) with period 2r  is 

f (x) = ~a0 + ~ an cos (nx) + ~ bn sin (nx) 
n = l  n = l  

(a) Write down formulae for the Fourier coefficients an and bn. 

(b) What  can be said about the coefficients a ,  and bn if f(x) is 

(i) odd; (ii) even? 

A function f(x) with period 27r is defined by 

/ ( z )  = z  

(c) Sketch the graph of the function for three periods. Is it odd or even? 

(d) Calculate the Fourier coefficients. 

(e) Using Parseval's identity: 

j~ oo 
2r f (x) f (x)dx  = la2 + 5 

l r  n=l 
show that  

oo 1 7r 2 

>;n2- 6 
n----I 
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5. Let f (x ,  y) be a real valued function of two variables x and y. 

(a) Explain what  is meant by a critical point of the function f ( x ,  y). 

(b) Describe the possible types of non-degenerate critical point that  can occur. 

(c) Give a condition in terms of second partial  derivatives of f ,  under which the 
critical point is non-degenerate. 

Consider the function 

f ( x ,  y) = x2y ÷ xy 2 4- 2xy 4- 2y 2. 

(d) Find all of the first and second order partial derivatives of f .  

(e) Find and classify the four critical points of f .  

6. Consider the vector field 

u(x, y, z) = (xy, x ÷ y, 3z 2 ÷ x). 

(a) Calculate V._u_, the divergence of u. 

(b) Calculate V x u, the curl of u. 

Now consider the scalar function 

f ( x , y )  = x 2 + y2 + Y 
(x 2 4- y2)1/2" 

Calculate the Laplacian V2f: 

(c) directly; and 

(d) by converting into plane polar coordinates and using the standard form 

V 2 f _  1 0  ( O f )  1 0 2 f  
r o t  -~r + r-2 00 ----~" 
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. (a) Consider the complex conjugate operator G, which acts on a complex number 
z = x + iy: 

G : x + i y  ~ x - i y .  

Is it a linear operator? Give your reasons. 

(b) Explain what is meant by the commutator  [L1, L2] of two linear operators L1 
and L2. 

(c) Show that,  for any three linear operators A, B and C, 

[A o B, C] = A o [B, C] + [m, C] o B. 

(d) Consider the three linear operators (acting on a two-dimensional vector) 

(2 0) (0 1) (0 -1) 
LA = 0 1 LB = 1 0 L c  = 1 0 " 

(i) Calculate [LB, Lc]; 

(ii) Calculate [LA, Lc]; 

(iii) Using the expression from part (c) above, deduce [LA o LB, Lc]. 
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