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All questions may be attempted but only marks obtained on the best five solutions will 
count. 

The use of an electronic calculator is n o t  permitted in this examination. 

I. Consider the following system of linear equations: 

6 w - 6 x + 1 2 y  = 0 , 

5 w - 5 x + 1 0 y  --- 0 , 

3 w -  3x + 6y + 2z = 6 

(a) Write the system in the form of a matrix equation. 

(b) Use row operations to reduce the system to echelon form. What is the rank of 
the augmented matrix? 

(c) Find the general solution of the system in the form a + AvI + #v2 where a, vl 
and v2 are vectors and A and # are scalars. 

(d) Find a vector u that is a linear combination of Vl and v2 and is orthogonal to 
vl • Normalise u to have unit length. 

2. For a function f of two variables x and y, describe the possible types of s tat ionary 
(critical) points that  can occur. Describe a test that  usually would determine the 
type of a stat ionary point. 

Consider the function 
f ( x , y )  = (x 2 - y2)eX 

By means of a sketch, indicate the regions of the (x,y) plane where f is positive and 
where f is negative. 

Find and identify all the stationary points of f .  
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3. Explain what is meant by the eigenvectors and eigenvalues of a square matrix A. 

(a) Find the eigenvalues and eigenvectors of the matrix 

(32 ) A = 2 3 
0 0 

(b) Find a matr ix  V and a diagonal matrix A such tha t  V - 1 A V  = A. (You need 
not calculate V-1.)  

(c) Write the equation 

3x 2 + 4xy + 3y 2 + 6z 2 = 1 

as a matrix equation. Explain how to transform this equation using normalised 
eigenvectors into an equation of the form 

a X  2 + bY 2 + cZ  2 --'-- 1 

and give values for the coefficients a, b and c. (You need not calculate X, Y, 
Z in terms of x, y, z.) 

4. Suppose the variables x and y for a function f ( x ,  y) are themselves functions of s 
and t: i.e. x = x(s ,  t) and y = y(s,  t). State the chain rule tha t  gives expressions 

0 and 0 in terms of 0 and ~ .  for the partial  derivatives 

In what  follows, f will denote the function f ( x ,  y) = (x 2 + y2) x 

(a) Find the part ial  derivatives fx, fy, fx~, fyy, and f~y. 

(b) Making the substi tutions x -- rcos(9), y -- rs in(0),  write F(r,O) = f ( z , y ) ;  
use the chain rule to find Fr and Fo in terms of r and 0. 

(c) Find (rFr)~ and Feo, and hence find r-l(rF~)~ + r-2Foo. Compare this result 
to  fy . 
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5. T h e  Fourier series for a function f(x) with  period T is 

OO OO 

f(x) = ao + ~ an cos(2nTrx/T) + ~ b,~ sin(2n~rx/T) 
n = l  n----1 

(a) Write  down formulae for the Fourier  coefficients ao, an, bn. 

A function f(x) with period T : 4  is defined by 

f ( x )  : 

0 - 2  < x < - 1  
x - 1  < x < 1  
0 1 < x < 2  

(b) Sketch the  shape of the  function for three periods.  

(c) Calculate  the  Fourier coefficients. Wri te  down the  first four non-zero terms in 
the Fourier series. 

6. Suppose ¢ is a function of x and y in Cartesian co-ordinates. 
for ~7¢ in terms of partial derivatives with respect to x and y. 

Consider 
¢ = 1 / (1 + 3x 2 + 4y 2) 

Give an expression 

(a) Calculate  ~7¢.  ~. 

(b) Find a uni t  vector n tha t  points  in the  direct ion of mos t  rapid  increase (if ¢, 
(i) at  x - -  0, y - -  1 ; (ii) at  x = 1, y - -  1 ; (iii) at  x = 1, y = - 1  ; 
(iv) at  x = - 1 ,  y = 0. 

(c) For the  vector  v = 4xi - 3yj calculate v .  V¢ .  

(d) Along wha t  lines does v .  ~7¢ vanish? 
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7. F ind  par t icu lar  solutions of the  differential equat ion 

d2y 
+ 4 --° + 3y = f ( t )  

dt 2 dt 

for (i) f ( t )  = 10sin(t)  , (ii) f ( t )  = 9t 2 + 4 

Find  the  general  solution for y( t )  in case (i), and find an expression for 
dr" 

Hence find the  solut ion in case (i) t ha t  satisfies the  initial  condit ions 

y ( 0 )  = 3 , y ' ( 0 )  = 0 

| 
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