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All questions may  be attempted but only marks  obtained on the best fou r  solutions will 
count. 
The use of an electronic calculator is n o t  permit ted in this examinat ion.  

1. State and prove the second Borel-Cantelli Lemma. 

A fair coin is tossed repeatedly. Let k be a natural  number .  Prove that ,  a lmost  
surely, there  will occur infinitely many  sequences of k consecutive heads. Deduce  
that  almost surely, there will be arbitrari ly long sequences of heads. 

Let Hn be the number  of heads after n tosses, Tn the  number  of tails and let Sn be 
the difference,/am - Tn. Show that  Sn is almost surely unbounded .  

2. Prove tha t  if two 7r-systems are independent  then so are their  generated a-algebras.  
(You may assume that  if two probability measures defined on a a-algebra agree on 
a ~r-system generating the a-algebra, then  they agree.) 

Let (Yn) be an independent  sequence of a-algebras. Show tha t  for any n and m > n, 
the a-algebras a ( Y l  U .~2 LJ... JFn) and a(Yn+l U Yn+2 U .. . Ym)  are independent .  

State and prove Kolmogorov's 0 - 1 Law. 

3. Let X be a random variable with mean 0 and variance I, and let ¢ be the charac- 
teristic function of X. Show that ¢ is a C 2 function and that ¢"(0) = -i. 

Let (Xi) be an lID sequence of random variables, each with the law of X. For each 
natural number n, find the characteristic function Cn of 

n 

1 E X  i 

in terms of the characteristic function of X.  

Prove tha t  
1 t2 

uniformly on bounded intervals of R.  

In a few lines, explain why this fact is interesting. 
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4. Let (gvn) be a filtration on a probability space f2. Wha t  does it mean to say tha t  T 
is a stopping time with respect  to the filtration. 

For such a T, let 5VT be the  collection of sets A with the proper ty  tha t  for each n, 

AM(T= n) E.~.  

Show tha t  9VT is a a-algebra.  

For a mart ingale  (Xn) wi th  respect to the filtration, define the random variable XT 
and show tha t  it is ~-T-measurable. 

Suppose tha t  T ~ m everywhere.  Show tha t  

E(XmI~T) = XT. 

5. State Kolmogorov's St rong Law of Large Numbers  and deduce that  if (Xi) is an IID 
sequence of integrable r a n d o m  variables with EXi =/9 < 0 (for each i), then 

n 

1 

--(:X) a . s .  

Let U be a positive r andom variable satisfying 

EU = 1 and 

EI logU I < oc. 

Show tha t  E log U ~< 0 and tha t  E log U < 0 unless U = 1 a.s. 

Now suppose that  (Ui) is an IID sequence of random variables with the  distribution 
n of U and for each n let Xn = 1-[1 Ui. Show tha t  either 

Xn = 1 for all n, a.s. 

or 

X n  ---. O a.s. 
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