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All questions may be attempted but only marks obtained on the best four solutions will

count.
The use of an electronic calculator is not permitted in this examination.

1. (a) State and prove the two Borel-Cantelli Lemmas.

(b) Prove that if K’ > 0 is a real number, and X3, X5, ... are random variables such
that EX; = 0 and EX} < K for every i, then

1 n
(niEZIX —>Oasn—>oo)

(c) Let X7, X5, ... be random variables such that

P n* —1 with probability 1/n?
"1 with probability 1 — 1/n?

for every n. Prove that EX,, = 0 for every n, but
P ! En:X ——-1lasn— 1
- ;= — n—oo| =1
n =1

[Hint: Show that, with probability 1, all but finitely many X, are equal to -1.]

2. (a) Define the term 7-system.

(b) Prove that if two probability measures agree on a m-system then they agree on
the o-algebra it generates.

(c) Let P, and P, be two probability measures on the measurable space (Q,%). Let
F={X€E:P(X)=PyX)}. Must P, and P, agree on o(F)?
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3. (a) State what it means for two o-algebras F and G to be independent. What does
it mean for two random variables X and Y to be independent?

(b) Let F1, F, ... be a sequence of o-algebras. Define a tail event. State and prove
Kolmogorov’s 0-1 Law.

[You may assume that if 7} and T} are independent m-systems then o(7}) and o(T3)
are independent.

(c) Let X1, X5,... be an independent sequence of random variables, and let Sy =
> v Xi. Suppose that S,/n converges almost surely as n — co. Prove that there
is some number a such that S,/n — a almost surely.

[Hint: Let L = lim,_,0 Sy/n. For each real number a, consider the event (L>a)]

4. (a) Let (€2, 3, P) be a probability space, X an integrable random variable and F C 5
a g-algebra. Define what it means for a function f to be a version of the conditional
expectation E(X|F). Prove that the conditional expectation exists, and that if f
and g are versions of the conditional expectation then f = g almost surely.

(b) Define the terms filtration, submartingale, martingale and stopping time.
(c) State and prove the Optional Stopping Theorem.

(d) Prove that if (X¢)g2, is a nonnegative submartingale then

EX, > tP( max Xy > t).
0g<kgn

5. Write an essay on the Central Limit Theorem.
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