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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

1. (a) State and  prove the two Borel-Cantelli  Lemmas. 

(b) Suppose tha t  ( X n ) ~ l  is a sequence of random variables such that ,  for every 
e > 0 ,  

oo  

f t = l  

Prove tha t  X .  --+ 0 almost surely. 

(c) State and  prove Chebyshev's  Inequality. 

(d) Let (Xn)n°°=l be independent  random variables with mean 0 and variance 1. 
Prove tha t  if a > 1/2 then 

--+ 0 almost surely. 
n a 

. (a) Let (.7"n)n~__t be an independent  sequence of a-algebras.  Show tha t  or(jr1,.. .  , 3c )  
and cr(3cn+l, 3c~+2,... ) are independent .  [You may assume tha t  if two 7r-systems are 
independent  then so are the or-algebras they generate.] 

(b) State and prove Kolmogorov's 0-1 Law. 

(c) Define wha t  it means for a sequence (Xn)~_l of random variables to be indepen- 
dent. 

X (d) Prove t ha t  if ( ~)n=l is an independent  sequence of random variables then either 
(Xn)~_ 1 is bounded almost surely or (X~)~=I is unbounded almost surely. 

3. (a) State H61der's Inequality for real-valued functions f and g on a probabil i ty  space 
(f2, E, I?). Deduce that  if f and g are in 122 then f g  is in/21. 

(b) Prove t ha t  if X is a random variable in £~ and 1 _< p < r then X is in £P and 

(EIXIP) lip ~ (Elxlr) 1/r. 

(c)" Prove t h a t  if X and Y are independent random variables in/21 then X Y  E £1. 
and E ( X Y )  = E X - E Y .  

(d) Give an example of random variables X and Y in/21 such tha t  X Y  ~ 121. 
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4. Let (#n)n°Z__l, ~ be probabil i ty  measures on ~ with  distributions (F~)~__I, F and 
characteristic functions (¢n)~°°__1, ¢. 

(a) Define what  it means to say tha t  #~ --+ p weakly. 

(b) Prove tha t  if 

/ hd#n ---+ / h d #  as n -+ c~ (1) 
f 

for every bounded continuous function h : I~ --~ ]~, then #~ tends weakly to #. 

(c) Prove tha t  if ¢n(t) --+ ¢(t) uniformly on bounded intervals then #n --+ # weakly. 
[You may assume Parseval 's  theorem, and t h a t  it is sufficient to prove (1) for C 2 
functions with compact  support.] 

5. Write an essay on martingales. 
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