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All questions may be attempted but only marks obtained on the best four  solutions will 
count. 
The use of an electronic calculator is not  permitted in this examination. 

I. Show that the differential equation 

d2 Y ~xx x--~x 2 + 8 - xy = O, (x > O) 

has independent  non-trivial solutions of the form 

yi(x) =/c~ e~t f ( t )  dt" (i 1,2) 

if t he  function f ( t )  of the complex variable t and the  contours Ci are suitably chosen. 

Verify that  the  solutions which a re / in i t e  at x = 0 are multiples of 

r : 0  

2. Show that the second order differential equation 

d2x ( d x )  
dt 2 -- f x , - ~  . 

has a periodic solution x(t) if and only if its phase t rajectory is closed. 

A particle moves in a straight line on a smooth horizontal plane with equation of 
m o t i o n  

d2 x 
-t- X - -  e2X 3 ~ 0 

dt 2 
where  ¢ > 0 is a constant. Sketch the phase trajectories. 

If x = 0, dxldt = U > 0 at ~ = 0, show that  the mot ion of the particle is periodic 
if and  only if U < 1//cv/2. 

If the  motion is periodic, show that  the ampli tude of the motion is e- l (1 - ~)½ , 
where  c~ 2 -- 1 - 2c2U 2, and tha t  the period T of oscillations is given by 

T = 4v/2 f( i-~>~ d__w 
J0 [(w 2 _ 1)2 _ a2]½ " 
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3. The equation of motion of a particle is 

+ f(x)Sc ÷ g(x)  = O, 

where the  functions g(x) and F(z)  = f {  f ( u )  du are odd regular  functions of x. By 
defining y = 5c + F(x) ,  show that 

~r F(x)  dy = O, 

if F is a limit cycle trajectory in the (x, y) plane. Verify t h a t  if the point (x, y) lies 
on F, then so does ( - x , - y ) .  

If F(x)  has a single zero at x = a > 0, and F(x )  > 0 for x > a, show that  the 
ampli tude A (ie the maximum value of x) in the periodic mot ion  of the particle is 
such that  A > a. 

Taking f ( z )  = e (x 2 - 1), g(x) = x, with the constant c >> 1, and assuming that a 
unique periodic solution x(t)  exists, prove tha t  in the periodic mot ion of the particle, 
the ampli tude A ~ 2 and the period T ~ [3 - In 4]e. 

4. Show tha t  the equation 
+ e f ( x ,5 )  + x = O, 

where e > 0 is a constant and the dot denotes differentiation with respect to t, 
possesses a solution of the form z = A(t) sin [t + ¢(t)] if 

A = - e f ( A  sinx,  A cosx)  c o s x ,  

= e A - l f ( A  sin)~,A cos;~) s i n x ,  

with X = ~b + t. 

If 0 < e << 1, describe a method for finding approximate solutions of these equations. 

For the case of Rayleigh's equation, f ( x ,  5) = (5 2 - 1)5. If A(0) = A0 > 0 and 
¢(0) = ¢0, show that  x(t)  is given approximately by 

x(t )  = , / 5  

and deduce the  limit cycle solution for x ( t ) .  

-1/2 

sin(t + ¢0), 

[You may assume that  f0 2~ cos 2 0 dO = 7r and f0 2~ cos 4 0 dO = 3 ~Tr. ] 
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5. A function F( t )  can be expanded in a power series in t for 0 _< t < to of t he  form 

F(t) = ~ ant ~ , (ao 7 ! O) 
n = 0  

where the sequence {An} increases with n and A0 > -1 .  For t > to, the  function 
satisfies the inequali ty 

IF(t)J < B e  c' 

for some constants  B, c. Show tha t  as x --+ +c~, 

foo ~ ~ a~(~)! e -~ tF( t )d t  ~ ~ za~+l 
n=O 

Hence obtain two leading terms in the asymptotic expansions of each of the  following 
integrals as x --+ +ee:  

/1 (a) e -(zt+t2) dt, 

(b) f01tx(1 - lnt) U2 dr. 

[You may assume tha t  f~'~ e-~u :~ du = A! (A > - 1 ) ]  
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