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All questions may be attempted but only marks obtained on the best seven solutions will
count.
The use of an electronic calculator is permitted in this ezamination.

1. By considering contour integrals in the complex z-plane, with z suitably defined,
show that
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2. From Cauchy’s Residue Theorem, show that, in the domain of analyticity of a
complex function f(z), the integral

fz) ,

c(z- 21)

where C is a closed contour) is equal to
( q
(a) 2mif(z) if C encloses the point 2,

(b) zero if z is outside C.

Use the results (a), (b) to show that the solution of Laplace’s equation for a real
function u(z, y), for y > 0, is

y (= g(§)dE
=1 | e

where g(z) = u(z,0) and u — 0 as 2% + y? — co.

Show that, if
(z) = 1 for |z| <b,
T = 0 for lz| > b,

where b is a positive constant, then

Tu(z,y) = tan™' (x—H) —tan™! (x — b) .
y y
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3. The equation

¢ ¢
oz? 52 oy? =9

is to be solved for ¢(z,y) in the first quadrant = > 0, y > 0 of the (z, y) plane, with
the boundary conditions:

(i) d=e* (y=0,z2>0), (i) ¢=e? (z=0,y20),
together with the condition ¢ — 0 as 22 + y2 — 0.
Defining a Fourier sine transform
ds(z, k)= /Ooo o(z,y)sinky dy,
verify that ¢5(0, k) = k/(1 + k?). Show also that
8%ps

o2
Solve this equation for J)S(z, k) and deduce that

— (1 + k) gs = —ke™®

_ -z 2 °° sin ky exp[—(l + k2)1/2:1:]

Hzy) =e T /; k(1 + k?) dk.
You may assume that / S_H_lﬁdg S
o 0 2

4. For a function y(t) satisfying y(0) = y’(0) = 0 show that the Laplace transforms of

:lii/ nd tj? are —%l and —d—((%%), respectively, where §(p) is the transform
of y(¢).

Hence, or otherwise, find a solution of the equation

d2y dy
< _ (3¢ - =
to — @t+ 1) +3y=0

such that y(0) = ¥/(0) = 0.
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5. The current I flowing in a circuit with constant inductance L and resistance R
satisfies the differential equation

L% +RI=E®)  (t>0)

where the electromotive force F(t)is given by

Ey (0<t<m),
E(t) =
—Ey (m<t<2m),
E(t+2m) = E(t),
with Ep a constant. Show that if £ denotes the Laplace transform then
L{E®)} = % tanh 72
If I = 0 when t = 0, show that

E, eP* tanh mp

=557 cplo+R/D) ™

for a suitable contour C in the complex p-plane which should be defined. Use the
residue theorem to deduce that
Eo TR —Rt/L

I(t) = ﬁ tanh E—Ee

n 4Eo i [Rsin(2n + 1)t — (2n. + 1)L cos(2n + l)t]'
T a0

(2n + 1)[R? + (2n + 1)2L2?]
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6. The function y = ¢(¢) is an extremal of the functional

1

16) =5 [ + e,

0

and satisfies Euler’s equation and the end conditions y(0) = a, y(1) = 8. Show that

(¢ + f) = 1(¢),

for any twice differentiable function f(t) vanishing at ¢t = 0 and ¢t = 1 and hence
that ¢(t) minimizes the functional I.

Determine the function ¢(t) if « = 0 and 8 = 2, and deduce that the minimum
value that can be taken by [ is 2(e? + 1)/(e? — 1).

7. (a) The functional
b
/ F(y,y')dz

is minimised by y = y(z) with y(a) and y(b) prescribed. Assuming that y(x)
satisfies Euler’s equation, deduce that

OF
F — y'— = constant.

oy’

(b) The function y = y(z) minimises the functional
1

10) = [ v,
21

and satisfies the end conditions y(—1) = 0, y(1) = 0 and the constraint

1

I = [y =

-1

AN AN

Show that

[(¥)* +ply® = C,
where 4 and C are constants, and deduce that the curve y = y(z) is a semi-
circle with centre at the origin z = y = 0.
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8. Find the singular points of the differential equation

dy 22-1
dz z-y

and determine their nature.
In what regions of the (z,y) plane is dy/dzx zero, positive, negative, or infinite?

Use this information to sketch the trajectories of the differential equation.

9. The equation
Z+exsgn(lz| —1)+z =0,

where the constant ¢ > 1, has a unique periodic solution z(¢). Show that the
amplitude A and period T of z(t) are given approximately by

A=3, T = 2¢log 3.

10. State, without proof, a form of Watson’s Lemma and use it to show that as £ — +oo

(a)

Tet N n !
/Tdt ~e ZO(—I) — T
(b)
1
/(1 —?)%dt ~ /mz"V? ~ g\ﬁ—rm"?’ﬂ + O (z7%?).
0
[You may assume that (—3)! = /7]
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