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Al l  questions may be attempted but only marks obtained on the best s e v e n  solutions will 
count. 
The use of an electronic calculation is permitted in this examination. 

i. Find the residue of the complex function 

1 

(z 2 + b2)~(z 2 + c 2) 

at each of its poles in the upper half plane Irn(z) > O, given that b > O, c > 0 b ~ c. 
Hence, or otherwise, show that 

o dx 7r(2b + c) 

(x~ + b~)~(x~ + c2) 2b~c(b + c)~ 

2. (a) Show tha t ,  if 

F f , g = f (x - u)g(u)du, 
o O  

then 5 v ( f ,  g) = 5( f ) . .T(g) ,  where ~ ' ( f )  denotes the Fourier t ransform of f ( x ) .  

(b) Find the  solution g(x) of the  integral equa t ion  

~_ g(u)du _ 1 
(x = ~ -~ a 2 x2 + b ~' 

when 0 < a < b. 

f [You may  assume tha t  (x 2 + #2)-1 cos(Ax)dx = ~-e-lal~/(2#).] 
0 

3. The tempera ture  distribution T(x ,  t) in an infini tely long thin  bar satisfies the 
heat-conduct ion equation 

02T OT 
Ox 2 Or' ( - o o < x < o o ,  t~>O). 

Ini t ial ly the  temperature distr ibution is f ( x )  where f ( x )  ~ 0 as Ix] ~ oo. Assuming 
tha t  T ~ 0 as ]x t ~ oo for t > O, and using a Fourier transform (~)  in x, show tha t  

T ( x , t )  = f ( x  - u)h(u, t )du,  

where ~ {h(x,  t)} = e -k2t. Determine h(x, t) and  hence deduce that ,  for the  case 
when f ( x )  = e -~2, 

T ( x , t )  = (1 + 4t)-½ e x p [ - x 2 / ( 4 t  + 1)]. 

[ /_° ] You may  assume that e-~(~+~)2dx = ~, (a  > 0). 
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4. Show that  t h e  Laplace transform of the  function 

g(t) 
t 

= 71--- t (-~ 2 <~ t ~< 7r), 
0 (other values of t), 

i s  

G ( p ) = ( 1 - e - ~ ) 2 / p  2. 

If a simple ha rmonic  oscillator x(t) satisfies ~ + x = 9(t), with x(0) = k(0) = 0, show 
that  the solut ion for t > 0 is 

- e  ~) e"ap x ( t ) =  1 (1 _ = , 2 - t -  

27ci p2(p2 + 1) ' 

and indicate the  path of integration in the  p plane. Deduce that ,  for t > 7r, 

x(t) = - 2 c o s t .  

Also, find x(t) for 0 ~< t < 2 

5. Show that  

(a) the Laplace transform of the function 

/ ~  f ( s )h ( t -  s)ds 

is F(p)H(p) where F(p), H(p) are the  transforms of f(t), h(t) respectively; 

(b) the Laplace transforms of cost and s in t  are, respectively, p/(p2 + 1) and 
1/(p 2 + 1); 

(c) the Laplace transform of e×p(at)f(t) is F(p - a) if a is a constant. 

Hence, or otherwise, solve the integral equat ion 

7T g(t) - 2 cos(t -- s)g(s)ds = sin t + 

for the  unknown function g(t). 
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6. State, without proof, Euler's equation which is satisfied by an extremal of the 
functional 

I(y)  = F ( ~ , y , y ' ) d x ,  

with the values of y(a) and y(b) given. 

Show tha t  t he  functional 

z 0 )  = [0,)2 + y2 + ~y] d ~ ,  (a > 0) 

with y(0) = y(a)  = 0, has the extremal function 

a sinh x - x sinh a 
¢(x) = 2 sinh a 

Obtain the identity 

if0 a I 0 )  - I ( ¢ )  = [ 0 '  - ¢,)2 + (y _ ¢)2] d x ,  

where y(x) is a n y  function with a continuous derivative for 0 < x _~ a and 
y(O) = y(a) = 0 .  Hence deduce that  I is minimized by ¢ (x) .  

7. A heavy chain of length g has density p per unit length and hangs under gravity from 
two fixed points distance 2a apart on the same horizontal level. Write down an 
integral expression for the length g of the chain if coordinates (x, y) are chosen with 
the x-axis horizontal and the origin at one end of the chain. 

Given that the potential energy V of the chain can be written as 

~0 2a 1 v = - p g  y[1 + 0' )2]  ~ dx,  

where g is t h e  (constant)  acceleration due  to gravity, and tha t  V is a minimum when 
the chain hangs  in  stable equilibrium, deduce  tha t  y(x) satisfies the differential 
equat ion 

~xx = [k2(y + h)2 - 1], 

where  h and  k are  constants. Hence show tha t  the  stable equi l ibr ium shape of the 
chain is a c a t e n a r y  with equation 

y = - h  + k -1 cosh [k(x - a)].  

Give equat ions  f rom which the constants h and k are determined.  

MATHE003 P L E A S E  TURN OVER 

3 



8. The functions x( t )  and y(t)  satisfy the  system of differential equat ions  

d x  
d--[ = y(x2 + y2) + x ( 4 -  x 2 - y2), 

dy = _ x ( x  2 + y2)  -t- y ( 4  - x 2 - y2)  
dt 

By using polar coordinates,  or otherwise, show that  the system has one  limit cycle, 
which is stable, and  that  the t ime of description of one circuit of the  l imi t  cycle is 1 ~Tr. 

Sketch the  trajectories in the (x, y) plane, indicating the  directions in which the 
trajectories are described with increasing t ,  and verify tha t  x = y = 0 is an unstable 
node. 

9. The equa t ion  of rectil inear mot ion of a particle, which is connected by  a spring to a 
fixed point  and which slides on a rough horizontal plane, is 

+ sgn(k) + x = 0. 

If x = 2 = 1 when  t = 0,  show that  the particle comes to rest p e r m a n e n t l y  at 
x = 3 - v ~ .  

Sketch the  phase t ra jectory corresponding to the mot ion  of the  par t ic le  and  show 
that  the  total  t ime of its motion is 7r + cot -1 2. 

10. State, wi thou t  proof, Watson's  Lemma and use it to show that  as x ~ + o e ,  

(a) 7 dt ,.~ 2x--- ~- 1 - 2x--- 7 + 0 

(b) tx(1 - ln t )  1/2 dt ~,, 1 1 
x 2x ---~ + O 

MATHE003 E N D  OF P A P E R  


