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A1l questions may be attempted but only marks obtained on the best seven solutions will

count.
The use of an electronic calculation is permitted in this examination.

1. Find the residue of the complex function
1
(22 + b2)2(z2 + CZ)
at each of its poles in the upper half plane Im(z) > 0, given that b6 > 0, ¢ > 0 b # c.
Hence, or otherwise, show that

/°° dz 7(2b+ ¢)

oo (T2 +02)2(22 + ) 2b%¢(b+c)?’

2. (a) Show that, if
fro= [ fle—wgtdn
then F (f x g) = F(f).F(g), where F(f) denotes the Fourier transform of f(z).

(b) Find the solution g(z) of the integral equation

/°° g(u)du 1

oo (T —u)2+a® 2?2

when 0 < a < b.

[You may assume that / (2% + p?) 7 cos(Az)dz = me MH/(2u) ]
0

3. The temperature distribution T'(z,t) in an infinitely long thin bar satisfies the
heat-conduction equation

o1 _or

ozt 3t

Initially the temperature distribution is f(z) where f(z) — 0 as |z| — co. Assuming

that 7' — 0 as |z| — oo for £ > 0, and using a Fourier transform (F) in z, show that

T(z,t) = /—oo flz — u)h(u,t)du,

, (o< <o, t20).

where F {h(z,t)} = e"***. Determine h(z,t) and hence deduce that, for the case
when f(z) = e,

[e o]

T(z,t) = (1 + 4¢)7% exp|—2?/ (4t + 1)].
You may assume that /

e~z +B)? g — \/g’ (Q/ > O):l
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4. Show that the Laplace transform of the function

¢ 0<t<3),
g(t) = T—t (F<t<w),
0 (other values of t),

) ap) = (1- e‘%)2/p2-

If a simple harmonic oscillator z(t) satisfies & + z = g(t), with z(0) = (0) = 0, show
that the solution for ¢ > 0 is

1 (1- e"%’r)QePtdp
27 p?(p? +1)

and indicate the path of integration in the p plane. Deduce that, for ¢ > «,
z(t) = —2cost.

Also, find z(t) for 0 <t < .

5. Show that

(a) the Laplace transform of the function

/O CH)h(t — s)ds

is F(p)H (p) where F(p), H(p) are the transforms of f(t), h(t) respectively;

(b) the Laplace transforms of cost and sint are, respectively, p/(p® + 1) and
1/(p* + 1);

(c) the Laplace transform of exp(at)f(t) is F(p — a) if a is a constant.

Hence, or otherwise, solve the integral equation

g(t) — Z/t cos(t — s)g(s)ds = sin (t + %)

0

for the unknown function g(¢).
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6. State, without proof, Euler’s equation which is satisfied by an extremal of the
functional

I(y)=/ F(z,y,y')dz,

with the values of y(a) and y(b) given.

Show that the functional
)= [P+ +mlds, (@0
0

with y(0) = y(a) = 0, has the extremal function

asinhz — zsinha
blz) = 2sinha

Obtain the identity

1)~ I(¢) = / I~ 8P+ (- ¢ da,

where y(z) is any function with a continuous derivative for 0 < z < a and
y(0) = y(a) = 0. Hence deduce that I is minimized by ¢(z).

7. A heavy chain of length £ has density p per unit length and hangs under gravity from
two fixed points distance 2a apart on the same horizontal level. Write down an
integral expression for the length ¢ of the chain if coordinates (z,y) are chosen with
the z-axis horizontal and the origin at one end of the chain.

Given that the potential energy V of the chain can be written as

1

2a
V = —pg /O o1+ )Y da,

where g is the (constant) acceleration due to gravity, and that V is a minimum when
the chain hangs in stable equilibrium, deduce that y(z) satisfies the differential
equation

(%)2 = Ky + B)* — 1],

where h and k are constants. Hence show that the stable equilibrium shape of the
chain is a catenary with equation

y=—h+k ' cosh[k(z — a)].

Give equations from which the constants h and &k are determined.
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8. The functions z(¢) and y(t) satisfy the system of differential equations

dx

- = (*+y*) +z(d-2" — %),
dy 2 2 2 2

5 = @y ) +yld -2t - ).

By using polar coordinates, or otherwise, show that the system has one limit cycle,
which is stable, and that the time of description of one circuit of the limit cycle is %W.

Sketch the trajectories in the (z,y) plane, indicating the directions in which the
trajectories are described with increasing ¢, and verify that z = y = 0 is an unstable
node.

9. The equation of rectilinear motion of a particle, which is connected by a spring to a
fixed point and which slides on a rough horizontal plane, is

Z+sgn(t)+z=0.

If r =2 =1 when t =0, show that the particle comes to rest permanently at

z=3-5.

Sketch the phase trajectory corresponding to the motion of the particle and show
that the total time of its motion is 7 + cot™ 2.

10. State, without proof, Watson’s Lemma and use it to show that as £ — +oo,

2

% o= e~ 3 1
@ e [*5}5*0(;‘4)}’

1
(b) / (1= In )2 dt ~ Li+o(%) |
0

Tz 22

MATHEO003 END OF PAPER

b



