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All questions may be attempted but only marks obtained on the best s e v e n  solutions will 
count. 

The use of an electronic calculator is permitted in this examination. 

1. (a) Find the general solution of 

2x + 4y + 6z + 8w = - 1 6  
- 3 x  + 5y - 2z + 2w = 11 

2x + 4y + 2z + 4w = - 4  
3z - 3y - 2z + 4w - 15 

Verify tha t  your solution is correct.  

(b) Evaluate  the determinant  

4 -i 0 3 

-2 0 I -2 

-2 3 0 2 

3 --I -2 2 

. (a) Define the eigenvalues and eigenvectors of a square mat r ix  A. 

(b) Find the eigenvalues and corresponding eigenvectors of 

0 1 - 1 )  
A =  1 1 0 . 

- 1  0 1 

(c) For a general n x n matr ix B, show that  the mat r ix  B 2 has the same eigenvec- 
tors. W h a t  are the eigenvalues of B2? Justify your answer. 
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3. (a.) Find the  inverse of 

1 - 2  1 ) 
A = - 2  2 - 3  . 

2 2 3 

Verify your solution. 

(b) Hence or otherwise solve the system of equations 

x - 2y + z = - 2  
- 2 x  + 2y - 3z = 1 

2x + 2y + 3z = 3 

(c) Let A be an n x rn matr ix  and B an m x p matr ix.  Show that  

(AB) -1 = B-1A -1. 

. (a) State  wi thout  proof the general formula for the Fourier series on ( - L ,  L) for a 
function f ( x ) ,  giving the equations for the Fourier coefficients an, b,~. 

(b) Let f ( x )  = x on (0, L). Show that  the half-range cosine series which represents 
f ( x )  correctly can be wri t ten  as 

L 4L o~ 1 

n = 0  

5. The  Laplace transform of a function y(t) is £ { y ( t ) }  = Y ( s )  = f o  e-Sty( t )  dr" 

1 
(a) Show tha t  £ { e  at} - - -  and ~ { e a t y ( t ) }  -~- Y ( s - a ) .  

8 - - a  
a a 

(b) Show t h a t r S ~  ,~,.,lsma~ s _  s 2 + a  2 and " f  : "~~teatslna6]= s 2 - 2 s a + 2 a  2" 

(c) Use Laplace transforms to solve the following sys tem of equations: 

dy 

dt 
dz 
dt 4y = 1 

y(O) = z(O) = O. 
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6. (i) Define the  di rect ional  derivative at a point  P of the funct ion f (x ,  y, z) in the 
di rect ion of the  uni t  vector  t. In wha t  di rect ion is the m a g n i t u d e  of this 
derivat ive a m a x i m u m ?  F ind  this m a x i m u m  value if 

f (x ,  y, z) = x 2 + 3y 2 + z 2 + xy + 2yz + 3zx 

and  P is the  po in t  ( 1 , 2 , - 3 ) .  

(ii) T h e  double  integral  

j / e x p ( ~ ) d x d y  

is t aken  over the  t r iangle enclosed by x = 0, y = 0, x + y = 1. Make the  change 
of  variables u = x - y, v = x + y to show tha t  its value is ¼(e - e - l ) .  

7. S ta te  sufficient condi t ions  for t he  function f (x ,  y) to have a s ta t ionary  point  at (a, b) 
d i s t inguish ing  be tween a m a x i m u m ,  a m i n i m u m  and  a saddle point.  

Show t h a t  the  func t ion  

f ( ~ ,  v )  = (x  ~ + v~) ~ - 8 ( x  ~ - v ~) 

has two m i n i m a  and  one saddle  point. Write down the  form of f (x ,  y) in the 
n e i g h b o u r h o o d  of the  saddle po in t  and hence give a sketch of the curves f (x ,  y) = 
cons t an t  in this ne ighbourhood .  
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8. Let  F denote  the force field 

F = (3x 2 + yz)i + (6y 2 + zx)j + (12z 2 + xy)k. 

Show tha t  curl F = 0 and find a scalar po ten t ia l  ~ such t h a t  F = grad~.  
evaluate the  integral 

F.dr 

from the point  (4, 2, - 1 )  to the  point  (1, - 2 ,  1). 

If 

G = (3x 2 + 2yz)i + (6y 2 + zx)j + (12z 2 + xy)k 

evaluate 

f G.dr 

along the s t raight  line joining the  two points .  

Hence 

9. State the divergence theorem and use it to show that 

/ f s  ~fidS = I / I v  g r a d ~ d V  

where F(x, y, z) is a scalar function and fi is the outward unit normal to the surface 

S that encloses the volume V. 

If ~ = x 2 + y2 + z 2 and the volume V is bounded by the paraboloid z = a 2 - x 2 - y2 

and the plane z = O, evaluate either the surface or the volume integral given above. 

10. T h e  t empera tu re  O(x, t) along a th in  bar of l ength  L satisfies the  equat ion  

020 00 
Ox 2 Or' O < x < L, O < t, 

where t denotes  t ime and x is the  d is tance  from one end. 

The  bar is insula ted at each end so t ha t  00/Ox = 0 when x = 0 and  x = L, and  the  
initial t empera tu re  d is t r ibut ion is 

7 r x  
e(z, 0) = 200 cos 2 - -  

L 

where 00 is a constant .  Find O(x, t) and  show tha t  the  t e m p e r a t u r e  t h r o u g h o u t  the  
bar  tends to the uni form value 00. 
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