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All questions may be attempted but only marks obtained on the best f ive  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

1. (a) Find the radius of convergence of the following series 

C ~  

c~ oo (n!)3z n (iii) E (--1)n+lzn 
(i) E ( - - 1 ) " n 2 D ,  (ii) E (3n)------T' n - 

n = O  n = O  " n = O  

(b) State de Moivre's Theorem and use it to show t h a t  

tan 40 = 
4 tan 0 - 4 tan 3 0 

1 - 6 tan 2 0 + t a n  4 O" 

(c) Show that  
1 l + i z  

tan  -1 z = ~ In 1 - i-------z' 

and use it to find all values of tan-1(-3i). 

. (a) Explain what is meant by the s ta tement  "The function f ( z )  is analyt ic  in the 
region :D of the complex plane". 

(b) If f (z )  is analytic in the region :D and f (  x + i y )  = u ( x , y ) + i v ( x , y ) ,  write down 
the Cauchy-Riemann equations satisfied by u(x, y) and v(x, y) in :D. Hence, or 
otherwise, prove tha t  u(x, y) and v(x, y) are harmonic in D. 

(c) Show that  the function f (z )  = cos(z) is analyt ic  everywhere in the complex 
plane. 

(d) Find A such that  the function h(x, y) =- (2x 2 - Ay 2 - y) is harmonic  for all x 
and y. Determine (to an arbi trary constant) the analyt ic  function g(z) whose 
imaginary part is h(x, y). 
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. (a) D e r i v e  C a u c h y ' s  I n t e g r a l  F o r m u l a  t h a t  states for a function f (z)  analyt ic  
and  single-valued everywhere on and  inside the  contour  C, the integral 

f ( z )  
(z - z0) dz '  

is equal  to  27rif(zo) if C encloses the  po in t  z0. 

( You may assume Cauchy's Theorem for the proo]). 

(b) Use Cauchy ' s  integral  formula  for der ivat ives  to show tha t  

where C is t he  circle Iz[ = 1. 

(c) W h a t  is t he  value of 

if C is 

(i) the  circle ]z I - 1 - 5  
(ii) the  circle Iz + 2i I = 3 

1 f e tz t n 

2~r i /c  z --~-Ydz = n-~ 

J•c cos z dz,  
z 3 + 2 i z  2 - -  z 

4. Use sui table  con tours  in the  complex plane and  the  residue theorem to evaluate 

~o 2= d0 i F 5 + 3 s i n 0  and  o ~ l + x  6 
--dx. 
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. (a) If Euler's equation, 
OF d OF = 0, 

is satisfied by the extremal of the functional 

I = F ( y ,  y')dx, 

where F has no explicit dependence on x, the prime denotes differentiation 
with respect to x, and y(a) and y(b) are prescribed, show tha t  

,OF  

is constant. 

(b) Find the extremal curve of 

I = {x2(y') 2 + 2y 2} dx, 

if y(1) = 4 and y(2) = 1. Show that  I = 28 on this extremal. 

6. A uniform heavy chain is suspended from two fixed points, ( - a ,  0) and (+a, 0) in 
the usual (x, y) plane, with gravity acting in the direction of negative y. The length 
of the chain is 2L > 2a. Show tha t  if the chain hangs in a curve with equation 
y -= y(x) ,  then 

f_ ea V/1 + (Y') 2dx = 2L. 
a 

If the heavy chain is of density pkgm -1 and the acceleration due to gravity is gms -2, 
show also that  the potential energy V of the chain is given (to within an arbi trary 
constant) by 

f° v = pg yv" l  + (y 'Fdx .  
a 

Given that  V is a minimum when the chain is in a stable equilibrium, deduce tha t  
the chain shape y(x)  satisfies 

- 1 ,  

where A and C are constants. Solve this equation to show tha t  

y(x)  = C {cosh ( x / C )  - cosh ( a / C )  } , 

is a solution satisfying the end conditions at x = ±a .  Finally, demonstra te  tha t  the 
unknown C satisfies the equation 

sinh ( a / C )  = L / C .  
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. (a) Define the Lagrangian and Hamiltonian for a conservative system. Write down 
Lagrange's equations if the system has n degrees of freedom. 

¢ 
I 

¢.2_)¢ 

( 

O 

(b) 
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A symmetric top is pivoted at a point P on its axis of symmetry at a distance 
a from its centre of mass. The generalised coordinates (Euler angles) 0, ¢ and 
¢ are defined as the angle between the vertical and the symmetry axis, the 
measure of ro ta t ion  of the symmetry axis about the vertical, and the measure 
of the ro ta t ion  of the top about  its symmetry axis respectively (see figure). 

You  a r e  g i v e n  tha t  the total  kinetic energy T and potential  energy V of the 
system are 

¢ = 0 ÷ ÷   os0) 

V(¢, ¢,  0) = toga cos 0, 

where A and C are known constants (moments of inertia) and a dot indicates 
a derivative wi th  respect to time. 

Use Lagrange's  Equations to derive the following conservation laws, 

+ ¢cos0  = N, 

A¢ sin 2 0 + C N  cos 0 = M, 

A (0 2 + q~2 sin 2 0) + 2mgacosO = 2 E  - C U  2, 

where N, M and E are constants of the motion. 

The top, init ial ly spinning with angular velocity 0~ (¢ = w) about its symmetry 
axis, is released from rest with its symmetry axis nearly vertical (0 ~ 0 and 

= 0). The top is observed to move in such a way that  the lowest position the 
symmetry  axis reaches is the horizontal (0 = ~r/2). Use the three conservation 
laws above to show that  

2 ~ a A  
o . ) -  

C 
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