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All questions may be attempted but only marks obtained on the best f ive  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

. v-~k=~ k a0-zn+l) and  use this  result  to  show tha t  (a) If S~ = ?--~k=0 az , show tha t  S~ - 1-z 

1 + cos • + cos 28 + ..  • + cos n0 = 
cos (-~)  sin ( ( ~ 0 )  

sin (~) 

(b) Show tha t  the series 
o~ 1 z -  i 2,, 

n = l  

converges only in the upper-half  of the complex p lane  where  Ira(z) > 0. 

(c) Write  down an expression for cos z in terms of e iz and  use this to find all values 
of z such  tha t  cos z = 2. 

. (a) If a funct ion f ( x  + iy) = u(x, y) + iv(x, y) is ana ly t i c  in some region D of the  
complex plane, derive the Cauchy-Riemann  equa t ions  satisfied by u and  v in 
:D. Hence, or otherwise, prove t ha t  u and v are  h a r m o n i c  in T). 

(b) Show tha t  the function v(x ,y )  = eX(xsiny + y c o s y )  is ha rmonic  for all x and 
y. Determine  the  analyt ic  funct ion f ( z ) ,  the  i m a g i n a r y  par t  of which  is v(x,  y) 
and where f(O) = i. 
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. (a) Write down Cauchy's Theorem and prove it using Green's Theorem, which 
states tha t  for some simply connected region R enclosed by a curve C, 

/. S/. Pdx + Qdy = Ox Oy dxdy, 

for any two continuous functions P(x,y)and Q(x,y). 

(b) Use Cauchy's  Integral Formula with the unit circle [z I = 1 as the contour 
chosen in the complex plane to show that ,  if f(z) is analytic within and on the 
unit circle, then 

(c) Wha t  is the value of 

if C is 

(i) the circle Izl-- -~* 
2"  

(ii) the circle Iz + 11 = 3? 

lfo2  f(O) = ~ f(ei°)dO. 

~C z -- i Z3 Z4 dz, 

I 

4. Use the residue theorem and a suitable contour in the complex plane to show 

~o 2~ dO 2~" 
1 + asinO ~ '  

for real a where lal < 1. 

Using a different contour in the the complex plane, evaluate 

/ + ~  cos(x) 
o~ ( x2 + b2)(x 2 + d )  dx, 

where b and c are positive real numbers. 
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. (a) If Euler's equation, 
OF d (O~y,) 
Oy dx 

is satisfied by the extremal of the functional 

= 0 ,  

jfa b 
I = F(y,y')dx, 

where F has no explicit dependence on x, the prime denotes differentiation 
with respect to x, and y(a) and y(b) are prescribed, show tha t  

,OF 
F-y-~-y;y, 

is constant. 

(b) Consider the Brachistochrone problem of finding the curve y(x) down which a 
particle will slide from the point (x0, Y0) to the point (xl, yl), where xl  > x0 
and Yl < Yo, in the shortest possible time under gravity (which acts in the 
negative y-direction). You  a re  g i v e n  tha t  the time T of descent is 

1 V/1 + (y,)2dx" 
T =  o , / N -  y 

Show that  if T is a minimum, the function y(x) satisfies the differential equation 

(Y0 - Y) (1 + (y,)2) = D, 

for some constant D. Use the substi tution y' = cot 0 to show that  

D 
x = Xo + -ff (sin 20 - 20), 

D (1 - cos 20) Y = Y o -  -ff 

is a parametric form of the required curve. How can the constant  D be deter- 
mined? 

6. Find the extremal curve for the integral 

2xy ') dx, I =  + 
J0 

subject to the constraints y ( 0 ) =  0, y ( r / 2 ) =  1 and f o /2ydx  = (~ - 1). 
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. (a) Define the Lagrangian and Hamiltonian for a conservative system. Write down 
Lagrange's  equations if the system has n degrees of freedom. 

(b) A small bead of mass m slides freely on a smooth uniform circular wire of 
radius a. The wire is free to rotate about its vertical diameter and has mo- 
ment of inertia of Ma2/2 about  the rotation axis. Gravity acts downwards 
in the vertical direction with acceleration g. The system is described by two 
generalised coordinates ¢ and 9 as shown in the figure, with 0 ~< 9 ~< ~. 

Y o u  a r e  g i v e n  tha t  the total  kinetic energy T and potential energy V of the 
system are 

T = I M a 2 ~ 2 1  ~)2 1 2.2 
4 + ~ m  a 2 sin 2 0 -~ -~ma 9 , 

V =- -mga cos 9, 

where a dot indicates a derivative with respect to time. 

Use Lagrange's  equations to show tha t  

) ( M ÷ 2 m s i n  29) and a 2 M e  + 2 m ¢  sin 2 9 ÷ 2 m ~ 2  _mgacos9 

are both  conserved quantities. 

Given the initial state of the system is 9 -- ~/2, 9= 0 and ¢-- ~, show that  the 
angular velocity of the wire is 

~= (M + 2m)w 
(M + 2m sin 20)" 

Further,  show tha t  the bead does not reach the bot tom of the wire (9 = 0) if 

co 2 > 
2gM 

a(M + 2m)" 
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