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All questions may be attempted but only marks  obtained on the best f i ve  solut ions  will  
count. 
The use of  an electronic calculator is n o t  permit ted  in this examination.  

. (a) Legendre 's  differential equat ion is 

(1 - X2)d-~z 2 - 2x + a(c~ + 1)y = 0, 

where ~ is a constant .  By subs t i tu t ing  t he  series y = ~ n = o  an xn in to  Legen- 
dre's equat ion  derive the  recurrence re la t ion  

( n -  a ) ( n  + a + 1) an, 
an+2 = + 1) (n  + 2) 

for n > 0. Deduce tha t  there are two l inear ly  independen t  solut ions ,  one even 
and one odd,  to Legendre 's  equat ion (there is no need to f ind exact f o rmu la  for  
the coe~cients  in these series). If a = m is a posi t ive integer,  show t h a t  one 
of these series solut ions reduces to  a p o l y n o m i a l  of degree m.  

(b) For the  special case a = 1, show t h a t  the  general  solut ion can be wr i t t en  as 

[ (l+x, l y = clx + c2 1 - ~ l n  \ 1--L--~] j , 

for Ix] < 1 and cl and c2 are constants .  

[Hint: You may assume that for  Ix I < 1, ln(1 + x) = x - x2 /2  + x 3 / 3  . . . .  .] 

. (a) Write down the generat ing funct ion re la t ion  for Legendre po lynomia l s  Pn(x).  
Use the  relation to show tha t  P n ( - x )  = ( - 1 ) n P n ( x )  and Pn(1) = 1. 

(b) Given t ha t  a function f ( x )  can be e x p a n d e d  for Ix] < 1 in t e rms  of  Legendre  
polynomials  as 

OO 

f ( x )  = ~-~ oLnPn(x), 
n=O 

use the  Legendre polynomial  o r thogona l i ty  re la t ion 

f {0 Pn(x)P,~(x)dx = m # n 
1 2 n + l ,  m ~- n ,  

to derive an integral formula for the  coefficients an- Find the  first two non-zero 
terms in the Legendre polynomial  expans ion  of f ( x )  = e z. 
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3. Show tha t  x --- 0 is a regular  singular  point  of the differential equation 

4xy"  4- 2y ~ - y = O. 

Assuming a solution of the  form 

oo 
y ~--- ~ an xn+r, 

n----0 

find the indicial  roots r. Show for the smaller of the two roots tha t  

a0  

and hence find the corresponding series solution. Find also the series solution for 
the other indicial root. Write the  general solution in terms of hyperbolic functions. 

. (a) 

(b) 

Define a group. Show tha t  the  set of positive rational numbers a/b (a and b 
being non-zero integers) form a group under multiplication. 

Let I ,A,B,C be elements of a group G of order 4 with the property that  each 
element  mult iplied by itself is the identity. Write down the group multiplication 
table. Also write down the  group multiplication table for a group of order 4 
which is not  isomorphic to G. State  which of these groups is cyclic, justifying 
your answer. 

. (a) Define an orthogonal matr ix .  Show that  its determinant  is ±1. 

(b) Let u be a n x 1 real mat r ix  (i.e. a column vector). Show that  the  matrix 

U U  T 
K = I - 2uT u 

is (i) symmetr ic  and (ii) orthogonal.  Show tha t  u is an eigenvector of K with 
eigenvalue -1. 

If u ---- x + Ixlv, where Iv] = 1, show that  K x  = - Ix [v ,  where Ixl = v/-X-VX is 
the length  of x. 

MATHB6 CONTINUED 

2 



. (a) State the  Caytey-Hamitton theorem and verify it  is t rue for the  matr ix  

1 2 " 

(b) Define (i) a Hermitian matr ix  A and (ii) a uni tary  mat r ix  U. Write exp(iA) 
as an infinite series. Prove tha t  exp( iA)  is orthogonal,  s ta t ing  carefully any 
properties of matrices you have used. 

7. The motion of two linked particles wi th  displacements  xl  and x2 is governed by 

/t = Ax, 

where x is a column vector with componen ts  xl  and x2 and 

If the system is released from rest with xl  =- 3 and x2 --- 0 find x for all time. 

For the system of equations given by 

/~ = A - i x ,  

write down the  frequencies of the normal  modes  of vibration. 
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