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All questions may be attempted but only marks obtained on the best f ive  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

1. Verify that  one solution of the  differential equat ion  

x 2 d2Y 2x(x + 1) dy 
dx 2 ~xx + 2(x + 1)y = 07 (1) 

i s y = x .  

By subst i tut ing y = xu(x)  into equat ion (1), show t h a t  u(x) satisfies a second- 
order differential equat ion with constant  coefficients. Hence find a second l inearly 
independent  solution to (1). 

Subst i tu t ing the series y = ~°°__ 0 a~x ~ into (1)7 show t h a t  a0 = 0 and al is arbitrary.  
Derive a recurrence relation for the coefficients aN for n > 2. Deduce  tha t  

C2- -1  

(n -  1)!' 

where C is a constant.  Show that  the  series solut ion is the  same as the solut ion 
found above. 

2. Show that  x = 0 is a regular singular point of the  differential  equat ion  

x2y" + xy'  + (x2 - 1 )  y -= O. 

Assuming a solution of the form 

OO 

X-" a X n+r 

n = 0  

show that  the roots of the indicial equat ion differ by an integer. For the larger 
of these roots show tha t  al = 0 and find the recurrence relat ion satisfied by the 
coefficients as. Deduce that  a2~+1 = 0 and 

( -1 )nao  
a2,~ - n > 1. 

(2n + 1)!' - 

Hence show tha t  one solution of the differential equa t ion  is 
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y = ao x l / 2  • 
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. (a) Wri te  down the  genera t ing  function for Legendre polynomials  Pn(x). Use it to 
show 

(n + 1)Pn+,(x)  = (2n + 1)xP,(x) - nPn_,(x). 

Given tha t  Po(x) = 1 and PI (z )  = x, find P3(x). 

(b) Given t h a t  y = Pn(x) satisfies 

[(1 - x2)y']'+ n(n + 1)y = 0, 

where  n > 1 is a posit ive integer  and the dashes denote  derivatives, show tha t  

[(1 - x2)(P'~Pm - PaP'm)]' + [n(n + 1) - m(m + 1)]PnPm = 0. 

Deduce  that ,  if n ~ m, 

1 PnPmdx = O. 
1 

4. In spherical  polar  coordinates  Laplace 's  equat ion for u(r, 0,.¢) is 

1 0 ~r2OU~ 1 (9 ( O u )  1 02u 
r 20r \ Or] + r  -2~n0c90 sin0~-~ +r 2 s i n 2 0 0 ¢  2 =0 

To wha t  does this equa t ion  reduce if axisymmetr ic  solutions u(r, O) are sought? 

Show, by direct ly  subs t i tu t ing  

u = rmPn(COS O) 

into the  ax i symmet r ic  version of Laplace's  equat ion tha t  m has either of the values 
n or - n  - 1 and Pn(#)  satisfies Legendre 's  equat ion 

2-d2pn 2#dP,~ ( 1 - t t ) ~  d# + n(n + l)Pn = O" 

The  funct ion u is to  be found in the  region outside the  sphere r = a and u must  
t end  to zero as r --+ oo. If u = f ( 0 )  on r = a, show tha t  

where  

OO 

u = E An Pn(cos0),  
n : 0  

~0 7r A n _  __2n + 1 f(O)Pn(cosO)sinOdO. 
n 

If f(O) = sin 0 + cos 0 de te rmine  the  constant  A0. 

You may assume the orthogonality property of the Legendre polynomials 

I { Pn(P)Pm(#)d# = 0,2 m # n 
1 2n+l ,  m = n. 
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. (a) Define a group. Let X be a fixed e lement  of a group G wi th  inverse X - i .  
Consider the set of elements of the  form X A X  -1, where  A is any e lement  of 
G, and the  law of mul t ip ly ing the  e lements  to form the  p roduc t  X A X  -1 is the  
same as the law of mul t ip l ica t ion  defining G. Show t h a t  this  set is also a group  
under  the same mult ipl icat ion law. 

(b) A cyclic group H of order 4 has elements  I, A, B,  C, where  I is the  iden t i ty  
element.  Wri te  down the group mul t ip l ica t ion  tab le  for H. Ano the r  g roup  H '  
has elements  I ' ,  A', B' ,  C' ,  where  I '  is the  iden t i ty  e lement ,  is not  i somorphic  
to H.  Wri te  down its group mul t ip l ica t ion  table.  

. (a) If A is an eigenvalue of an invert ible ma t r ix  A wi th  cor responding  e igenvector  
x, show tha t  A -1 is an eigenvalue of the ma t r i x  A -1 wi th  eigenvector  x. 

(b) Define a un i ta ry  mat r ix  U. If  u and v are e igenvectors  of a un i t a ry  ma t r i x  
corresponding to dist inct  eigenvalues A and # respectively,  show t h a t  fiTv = 0. 

[You may assume that the eigenvalues of a unitary matrix have unit modulus.] 

. (a) The mot ion  of two linked part icles wi th  d i sp lacements  x l  and x2 is governed 
b y  ~* 

= Ax, 

where A is a 2 x 2 mat r ix  and x is a co lumn vector  wi th  componen t s  x~ and 
x2. State  the condit ion on the eigenvalues of A in order  for the  mot ion  of bo th  
particles to be oscillatory. 

(b) Solve the coupled system 

:~1 -~- 2Xl -- X2 ~--- 0, 

x2 - xl + 2x2 = 0, 

for two particles released from rest  with xl = 3 and  x2 = 1 at  t = 0. 
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