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All questions may be attempted but only marks obtained on the best five solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

. (a) Find the  general solution of the differential equat ion  

y" - 5y' + 6y = 2e 2~ + 6z 2. 

(b) Using the  substitution x = t 3, convert the differential equation 

9x2y" -1- 6xy' + .k2x2/3y = O, 

where A 7~ 0 is real, into one with  constant  coefficients. Non-zero solutions to 
the differential equation are sought which sat is fy  y = 0 when x = 0 and  x = 1. 
Show tha t  such solutions are possible only if A = nlr, n = 4-1, 4-2, 4-3, . . . .  

2. Chebyshev's  equation is 

d2Y ~xx ( 1  - Z )-d--j - x + k2y = O, - l < x < l ,  

where k is a real constant. 

By  subst i tu t ing  the series y = ~,~--0 a,~ zm into Chebyshev 's  equation, show tha t  

m 2 _ k2 

am+2 = (m + 2)(m + 1) am, 

for all m >__ 0. If k = n is a positive integer, expla in  why there is a polynomial  
solution of degree n, T,~(z), to Chebyshev's  equat ion .  

Use the subst i tu t ion  z = cos 0, 0 < 0 < 7r, to  show that  Chebyshev's equat ion  
transforms into a second order O D E  with cons tan t  coefficients. Find the general 
solution of this  equation. 

The  Chebyshev polynomial solutions, T,(x) ,  are defined as 

Tn(x) = cos[ cos-1 x], = 0 , 1 , 2 ,  . . . .  

Verify tha t  the  Chebyshev polynomials are a class of  solutions which belong to the 
general solution found above. 
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. (a) Legendre 's  differential equation is 

2"a~Y d~ (1 - x ) ~-~-Sx 2 - ex + a(c~ + 1)y = 0, 

where a is a constant. When  a = n is a positive integer, Legendre's equation 
has a po lynomia l  solution P~,(x). 
Let P,~(x) and Pro(x) be two polynomial solutions of Legendre's equation with 
n # m. S ta r t ing  from Legendre's equation, show that  

f l Pn(x)Pm(x)dx = O. 
1 

(b) Given t h a t  

f l - 2 

1 2 n ÷  1' 

show tha t  if a function f ( x )  is writ ten as a series of Legendre polynomials i.e. 

(DO 

](x) = Z  kPk(x), 
k = 0  

then the  coefficients ak, k = 0, 1, 2 , . . . ,  are given by 

O~ k - -  

2 k +  1 . l  I 
f(x)Pk(x)dx. 

2 1 

(c) Find the  first three terms in the Legendre polynomial  expansion of y = Ixl. 

[Hint: You may  assume Po(x) = 1, Pl(x) = x and P2(x) = (3x 2 - 1)/2.] 
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. (a) Write down the generating function for Legendre polynomials P~ (x). Use it to 
show Pn(-x) = (-1)~P~(x). 

(b) In plane polar coordinates, P is the point (a, 0) and Q is the point (r, 0). If R 
is the distance PQ and a < r then show 

--R1 -- -rl n~0 ( a )  '~ Pn (c°s 0 ) =  

(c) Two electric charges of strength +e and - e  are located at (+a,  0) and ( - a ,  0). 
A point S is at distance r from the midpoint O of the line joining the two 
charges. The line OS makes an angle 0 with the line joining the two charges. 
Find the electric potential V at S in terms of an infinite series of Legendre 
polynomials. Show that the limiting value of V as a --+ 0 and e --+ ec such 
that ea remains constant and equal to q is 

2q (cos0). v= 5 

[Hint: the electric potential V due to a point charge e at a distance R from 
the charge is given by V = e/R.] 

. (a) Define a group. Explain what is meant by saying two groups are isomorphic. 

(b) Consider the set of all matrices of the form 

(0 ° 0o) 
where a ¢ 0 is a real number. Show that  the set forms a group under matrix 
multiplication. Find, giving reasons, another group which is isomorphic to this 
group. 

. (a) Define what  is meant by (i) a skew-Hermitian matrix, and (ii) a unitary matrix. 

(b) For any invertible matrix C show that  (cT) -1 = (C-1) T. 

(c) Prove tha t  if A is skew-Hermitian then ( I  - A) ( I  + A)-I  is unitary (assuming 
I + A is invertible). 
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. The  m o t i o n  of  two l inked part icles is governed by the  pair  of different ial  equa t i ons  

~1 + 2xl  - x2 = 0, 

:~2 -- Xl -t- 2Z2 = 0. 

Find the  gene ra l  so lu t ion  for this  sys tem.  

If the s y s t e m  is re leased from rest  wi th  xl = 2 and x2 = 0 at  t = 0, s h o w  t h a t  

xl  = cos t + cos v/3t. 

F ind also x2. 
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