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All questions may be answered, but only marks obtained on the best fou r  questions will 
count. The use of an electronic calculator is n o t  permitted in this examination. 

1. The function u(r, 9) satisfies the equation 

(ou) 0 cO sin 0~--~ ~ r  r 2 sin 0 ÷ ~ -- O, 

in the regions r _< a, 0 _< 0 <_ ~r. Show tha t  solutions of the type  

u(r, e) = R(r)w(cose)  

are possible if 

(1- z2) d z  2 - 2z + A(A + 1)w -- 0, (1) 

r-~7+2d2R 2r dR~ - A(A + 1)R = 0, 

for constant A. 

You are given tha t  the differential equation (1) has solutions regular at  z -- :t=l only 
if A(A + 1) = n(n + 1), n = 0, 1, 2 , . . . ,  and tha t  the solution in this  case, normalised 
so tha t  w ( 1 ) =  1, is w -  P~(z) with Po(z) - 1, P l ( z ) =  z, P2(z) ---- ( 3 Z  2 - -  1)/2. 

Deduce that,  if u(r, O) is regular everywhere, 

O 0  

u(r,O) = ~ Anr~Pn(cosO). 
n----0 

If u satisfies the boundary condition 

u(a, O) = a + ~ cos 0 + ~/cos 2 0, 

then find u when r -- 0. 
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2. Show tha t  the differential equat ion 

x2y"  - xy '  + (1 + x ) y  = O, 

where a prime indicates differentiation with respect to x, has a regular singular 
point a t  x - 0. 

Show tha t  one solution to the equation is y:(x)  = x ;~ Y]f~=o akxk, a0 -- 1, where A 
takes a value to be determined and 

(-:)~ 
ak - -  (k + A - 1)2(k + A -  2 ) 2 . . .  (A + 1)2A 2" 

Show tha t  a second, independent ,  solution of the equation is 

o o  

y2(x) = x In x ~ ( -  1)kxk 
k=0 (k!)2 

oo ( _ l ) k x k s  k 

k = l  

Sk=~ I 
r" 

r = l  

3. (a) Given y = J~(Ax) satisfies the equation 

x2 d2 y ~xx ~ x  2 + x  +(A2x 2 - n 2 ) y = 0 ,  n - O ,  1 , 2 , . . . ,  

verify tha t  

~ l x j , , ( A x ) J , , ( A i x )  dx = AiJ , , (A)J ' (Ai)  (A # Ai) 
;~ 2 _ ; ~  , 

if Ai is a positive root of Jn (x) = 0 and a prime denotes differentiation. Deduce 
tha t  the integral vanishes if A is a root of Jn(x) = 0 other than Ai. Find an 
expression for 

f l xJ,~(Aix) 2 dx. 

(b) The generating function for the Laguerre Polynomials L , ( x ) ,  n = O, 1, 2 , . . . ,  

is n = o o  :ex [ i- t 1 ~-t = ~ t~L"(x)" 
n=O 

Use this to show tha t  

(i) L o ( x ) -  1, 

(ii) Ln(0) = 1, n = 0, 1 , 2 , . - . ,  
(iii) L ' + ,  = L"  - L , ,  where a prime denotes differentiation. Find Ll(X) and 

L2(x) .  
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. (a) Write down the definition of the Fourier sine t ransform and its inversion for- 
mula. 

(b) Use the Fourier sine transform to show tha t  the solut ion of V~¢ --= 0 in the 
quarter plane x > 0, y > 0 with ¢(x, y) --~ 0 as x 2 + y2 __+ c~, ¢(0, y) = 0 and 
¢(x,0) = f ( x ) ,  f ( x )  --~ 0 as x ~ 0o, may be writ ten as 

/0/o 2 oo f ( u ) e x p ( - k y ) s i n ( k x ) s i n ( k u )  dk du. 

(c) Show that  

¢(x,y) = Y- :(u) 1 
y2 + (~_  u)2 

1 ] 
- y2 + (z  + u) 2 du. 

5. A function f ( x )  and its Fourier transform, ] (k)  are related through 

1 :  
(a) Show 

(i) 

(ii) 

where 

(iii) 

(iv) 

1F° 
f(x)e -ikx dx and f ( x ) -  v ~  oo f(k)e i~z dk. 

1£ 
f(O) - v ~ r  ] (k)  dk, 

A 

( f  • g)(x) = f ( x  - y)g(y)  dy, 

where • represents the complex conjugate, 

[~(k)l 2 dk = g(y)2 dy. 
OO OO 

(b) Verify the last result of section (a) if 

{0 
g(~)= exp(-y) 

y < 0  

y>0.  
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. (a) State the  definition of the  Laplace transform £.[h(t)](s) for a function h(t), and 
use it to prove 

1 
L[1] = 1/s, £~[exp(-at)] = 

s H - a  

£ -~ = sc . . [ f ( t ) ] -  f(o),  

where a > O, f ( t )  = 0 for t < 0. 

(b) Write down the convolution theorem for the Laplace transform and use it to 
show 

(c) Show t h a t  the Laplace t ransform of the solution to the equation 

{100   1, 
--~ + 6y + 5 y(q) dq = t >  1, y(0) = 0 ,  

for $ ~ 0, is 
1 - e x p ( - s )  

L[y] = (s + 1)(s + 5)" 

Find y(t).  

t 
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