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All questions may  be answered, but only marks obtained on the best f o u r  questions will 
count. The use o f  an electronic calculator is n o t  permitted in this examination• 

1. The  func t ion  u(r, O) satisfies the  equat ion  

0 ( r2s inOOU) 0 ~ )  
+ 

Or \ Or ] = o, 

in the regions  r > a, 0 < 0 < 7r. Show tha t  solut ions of the  type 

u(r, o) = r%(cos O) 

are possible if 

d 2 w  - 2 d w  
(1 - z~) -d--~z 2 Z-~z + A(A + 1)w = 0. (1) 

You are given tha t  the differential  equat ion (1) has solut ions  regular  at  z = 4-1 only 

if A(A + 1) = n(n + 1), n = 0, 1, 2 , . . .  and  tha t  the solut ion in this case, normal i sed  
so tha t  w(1)  = 1, is w = P,~(z). Deduce  that ,  if u(r, O)is regular  and  u(r, O) --+ 0 as 
r - +  OO, 

O0 

r t = 0  

Verify tha t ,  if n = 0, 1, 2, equa t ion  (1) has solut ions Po(z) = 1, t:'1 = z and  
P2(z) = (3z 2 - 1)/2. If u satisfies the b o u n d a r y  cond i t ion  u(a,O) = cos 2 0, then 
show tha t  

Ou (a, 0) - 1 3 cos 2 0 

Or 3a a 

2. Show tha t  the  differential equat ion  

x2y " + 2xy' + (¼ - x)y = 0 

has a regu la r  singular poin t  at  x = O. 
oO Show tha t  one  solution to the equa t ion  is yl(x)  = x c Y~k=o ak xk, where  c takes a 

value to be de te rmined ,  and  

1 
ak = 

• 3 ) 2  " (k + c + ½)2(k + c -  ½)2(k + e -  ~ ) 2  • (c + 

Show tha t  a second, independen t ,  solution of the equa t ion  is 

MATHM242  

0(3 

y2(X) = Yl in x - 2x -t /2 ~ xk 
n=k 

Sk = ~-~. 1 
n" 

r t = l  

P L E A S E  T U R N  O V E R  



3. (a) The Bessel functions Jn(x), with n = 0, 4-1, 4-2, . . .  satisfy the equation 

exp [½x( t -  l / t ) ]  = 

(b) 

OO 

t%(.) .  
rt~----- O0 

Use this to obtain the following results 

(i) j ( . ) =  & _ ~ ( ~ ) _  &+,(.), 
(ii) 2nJ~(x)/x = J~_~(x) + J~+,(x), 

(iii) 2rc,/0(x) = f:'~cos(xsinO) dO [Hint: put  t =  exp(i0)]. 

You are given that  y = Jo(px) satisfies the equation 

2 d2Y 
x ~x 2 + X~x x + p2x2y = O. 

x 2 ~ + v~x ~ {~:} = o. 

Show that  

Hence deduce that  if Jo(pl) = O, 

o•0 
l 

2 x[J0(v~)] 2 d~ = 12[J;(p0] 2. 

4. Consider the integral equat ion 

/? f (x )  = g(x - ~)u(~) dE, 
O 0  

where f and g are given functions and u is to be found. Show that  if f (k)  and t)(k) 
are the Fourier transforms of f and g respectively, then 

1 foo  f (k )  ikx 
~(.) = ~ ] _ ~  } - ( ~  dk. 

Hence find u(x) when 

[You may use the results 

/ ( k )  - , /G~ 
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f(x)  = _x2/2, g(x) = ½e-ix,. 

f (x)e  -ikx dx, 
A 

d 2 f _  k2f, f , o  
dx2 oo 

2 

e -x2/2 cos kx dx = v/-~e-k2/2.] 

CONTINUED 



5. (a) The Laplace transform £[ f] (s )  = f ( s )  of a function .[(t) is defined by 

Use this definition to show that  

(i) £[1]  = l/s, (ii) £[e -'~t] = 1 / ( s  + a),  

e -~ t f ( t )  dt. 

(iii) £[df /dt]  = s f ( s ) -  f(O). 

(b) If u(x ,  t) satisfies the partial  differential equation,  initial and boundary  condi- 
tions 

ut + X Uz= X, u(x,O) = l + 2. .2 , u(O,t) = 1, 

x 2 x 1 
~(x, s) -- + + - ,  

s + 2 s(s  + 1) s 

show that  

where ~(x, s) is the Laplace transform in t of u(z ,  t). Hence find u(x ,  t). 

6. Give the definition of the generalised Delta function 6 in terms of its action upon 
the test function ¢. Explain why the definitions 

(i) ( g f , ¢ )  = ( f ,g¢) ,  (ii) ( f n , ¢ ) =  ( _ l ) n ( f , ¢ n ) ,  (iii) (Sbf ,¢)  = ( f ,S-b¢) ,  

are sensible where 9 is a fairly good function, f is a generalised function, h '~ is the 
n th  derivative of h and Sbh(t) = h(t  - b). 

Show that  

e x p ( a t ) S n ( t - b )  = e x p ( a b ) ~  ( - a ) ' ~ - r 6 T ( t - b ) ,  
r=-O 

where (:) denotes the binomial coefficient. 

MATHM242 END OF PAPER 


