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All questions may be attempted but only marks obtained on the best four  solutions will 
count. 

The use of an electronic calculator is n o t  permitted in this examination. 

1. The  functional 
= F ( y , y ' ) d x ,  

1 

with the values of y(xl)  and y(z2) prescribed, is minimised by y(z) .  Assuming that 
Euler 's equation is satisfied, deduce tha t  

,OF 
F - y ~y~ = constant .  

The functional 

S y[1 + (y,)211/2 dx 
a 

is minimised subject to the constraint 

F [1 + (y,)211/2 dx = 2g, 
a 

where ~ > a, together with the boundary  conditions y ( - a )  = y(a) = O. 

Show that  
y + A  

: C ~  [1 + (y,)2]1/2 

where c and A are constants, and deduce that  the minimising function is 

y = c [cosh (x/c) - cosh (a/c)], 

where t? = c sinh (a /c) .  

[You may assume tha t  c o s h A -  c o s h B  = 2 sinh ½(A + B) sinh ½ ( A -  B). ] 

2. (a) Find the general solution of the partial  differential equation 

Oz Oz 
s e c  z + w -  = c o s  y .  

0"-~ oy 

(b) Find the solution of the partial differential equation 

(x 2 + 1)Oz az + 2xy--~y xz  = 0 
Ox 

1 <-x  < 2 Indicate i n a  which is such tha t  z = (x 2 + 1) 2 when y = 1 for 7 - - 3 
diagram the region of the (x, y) plane over which this solution is defined. 
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3. Derive D 'Alember t ' s  solution 

1 l fx+ct 
z ( z , t ) =  [F(z + c t ) +  F ( z - c t ) ] + - ~ c , ~ _ c  t 

of the one-dimensional wave equation 

02z 1 02z 
Ox 2 c20t2, ( -co  < x < cxD, t > O) 

with c a constant ,  when the initial conditions are 

z ( z ,O)=F(x ) ,  zt(x, 0 ) =  G ( x ) ( - o o  < x < oo). 

If G(cc) = 0 for - c o  < z < c~ and 

{ cos~(½~x), (l~t-< 1) 
F(z) = 0, (Iz[ > 1) ' 

display the values of z(z,t) for t > 0 in an (z,t)  plane diagram. 
1 for Izl < 1 z(z, 1 / 2 c ) =  7 - 7" 

Sketch the graphs of the solution profiles when t = 0 , 1 / 2 c .  

G(~)< 

Deduce tha t  

4. Laplace's equat ion in plane polar coordinates (r, 0) is 

oq2~ 1 oq~ 1 02~ 
V2¢ -- Or s + 7-07r + r 2 005 m m 0 .  

Find all solutions oi: this equation of the form f (r)  cos nO, 

The functions q>0(r, 0) and ~ : ( r ,  0) are solutions of 

V2q)0 = 0, (r > 1) 

(n = 0 , 1 , . . . ) .  

and satisfy the  boundary  conditions 

(a) ~0 - 2 r c o s 0  --+ 0 as r --+ oo, 

(b) r e :  -~  0 as r -+ 0,  

(c) ~0 + ¢: = a, (T = 1) 
0~0 0qh 

(d) Or - 3  0--7- ( r = l )  

Determine the  functions q>0(r, 0) and qh(r,  0). 

V ~ ¢ : = 0 ,  ( 0 < r < l )  
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. Two stret_ched strings, each of length L, have densities Pl and P2 and each has tension 
To. When  at rest, the strings lie along the part  of the x-axis for which - L  _< z _< L 
and they are joined together at  x = 0. The strings are fixed at x = 4-L.  

If the strings perform small transverse vibrations in the horizontal plane y = 0, 
write down the differential equation which is satisfied by the displacement z(x, t) in 
each string, defining any constants in terms of To, p~ and P2, and state  the boundary 
conditions to be satisfied at x = 0 and x = + L.  

Show tha t  the periods of the normal modes of 'vibrat ion of the strings are 2~r/co, 
where w satisfies the equation 

cl tan  + c2 tan = 0, 

with cl and c2 the wave speeds along the strings with densites pl and p2 respectively. 

6. Obtain the  steady and unsteady solutions in variables separable form of the heat 
equation 

020 I 00 

Ox 2 a 2 cOt ' 

where O(x, t) denotes temperature  and a is the (constant) thermal  diffusivity. 

The ends of a thin rod of length 2L are maintained at 0°C and the  centre of the 
rod is heated to 100°C by an external heat source until a steady state  temperature  
distr ibution is reached in the rod. Show that  the s teady state tempera ture  Oo(x) in 
the rod, as a function of distance z measured from one end of the rod, is given by 

lOOx/L ,  (0 < x <_ L) 
0o(X) = I O 0 ( 2 L - x ) / L ,  (L <_ z < 2L) 

Verify that 

fL ~'z (nTrx~ (_ l )~+l  foL (nTrx~d  x Oo(x) sin dx = Oo(x) sin \ 2L / \ 2 L /  ( n = 1 , 2 , . . . )  

The heat  source is removed from the centre of the rod at t ime t = 0 but the ends 
x = 0, 2L are maintained at 0°C for t > 0 Find the temperature  distribution 
O(x, t) in the rod for t _> 0, and deduce that  the temperature  at the  centre of the 
rod is 

800 ~ ,  exp[ -a2(2 rn  + 1)2rr2t/4L2] 
rr2 z:_, (2rn + 1) 2 m = 0  

[You may assume that  

/o x sin \ - - ~ - - / d z  - - -  sin 
'/2271-2 TtTl- 
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