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All questions may be attempted but only marks obtained on the best four solutions will
count.
The use of an electronic calculator is not permitied in this ezamination.

1. (a) State, without proof, the general formula for a Fourier series on (—L, L), with
L > 0, for a function f(z), giving the expressions for the coeflicients.

(b) On (—m, ), find the Fourier series of f(z) = exp(z).

(c) Hence or otherwise, find the Fourier series of g(z) = sinh(z) + 2cosh(z), on
the range (—m, ).

2. (a) Using subscript notation, what is the expression for
EijkEkim

in terms of 8;, djm, etc.?

(b) Using subscript notation or otherwise, prove
div (pA) = (grad ¢) - A + $div A,
curl curl (A) = grad (divA) — V2A.
(c) Verify the results of the previous part (2b) of this question in the case

¢ =2y, A= (xza 22, y2)'

3. Given that

F = (2® +y + 2)i+ (z + y)j + z2°k + grad ((z + y) exp(z2))

/(;F-dr

from (0,0,0) to (1,2, 3) along the following paths:

evaluate the line integral

(a) C = C, defined by (z,y,2) = (¢,2t2,3t), for 0 <t < 1,
(b) C = C; which is the straight line from (0,0, 0) to (1,2, 3).

Hint: You might find it helpful to consider F in two parts, and use a different method
for each part.
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4. (a) Define the Jacobian
0(z,y,2)
O(u,v,w)’

where z(u,v,w), y(u,v,w) and z(u, v, w) are smooth functions.

(b) Tlustrate the spherical polar coordinate system by means of a sketch, and give
the expressions for the Cartesian coordinates (z,y, z) in terms of the spherical
polar coordinates.

(c) Determine the Jacobian, from your definition, for the change of coordinates
from Cartesian coordinates to spherical polar coordinates.

(d) Find, by a using a suitable change of coordinates or otherwise,

/.y, 2)av,

where V' is the unit ball and f = [rsin(f) cos(#)]* in terms of spherical polar
coordinates.

Recall that for spherical polar coordinates, 8 € [0, 7] and ¢ € [0, 27).

5. (a) State the divergence theorem carefully.
(b) Verify the divergence theorem for the vector field

A=(1+z+y)i+(2+zyz)j+ (z +y+2)°%k

and the unit cube (ie. z € [0,1], y € [0,1] and z € [0, 1]).

6. (a) State Stokes’ theorem carefully.
(b) Show that Stokes’ theorem implies

/Snx grad¢dS=/C¢dr

where ¢ is a smooth scalar function, and S is an open (two-sided) surface with
unit normal n and boundary C.

Hint: Consider curl (¢c), where ¢ is a constant vector.

(c) Verify the result of the previous part (6b) of this question for the surface S
defined by 2z = 22 + y? and z < 4, and the scalar field ¢ = z.
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