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All questions may be answered, but only marks  obtained on the best f o u r  questions will 
count. The use of an electronic calculator is n o t  permit ted in this examinat ion.  

. (a) Define the scalar product  a .  b and the vector product  a A b of the  two vectors 
a and b. 

(b) Show tha t  the volume of the paral lelepiped wi th  three concurrent  (i.e. shar ing 
a common corner) edges, given by the vectors a, b and c, is [[a, b, c]l where 
[a ,b ,c]  = ( a A b )  • c. 

(c) Show that 

( a A  b) A (cA d) - - [a ,  c, d]b  - [ b ,  c, d ] a - - [ d , a , b ] c -  [c, a, b]d ,  

and hence find a representat ion of any vector in terms of three o ther  vectors 
tha t  are not  themselves coplanar.  

2. (a) If z = x + iy, express the following constra ints  on z as cons t ra in ts  on x and y. 

i) [ z -  i] = Iz + 1[, ii) [ z -  i I > [z + i I. 

(b) Show tha t  
I - -  Z n + l  

1 + z + z 2 + Z 3 -'~ Z 3 -]- " ' '  -]- Z n - -  
1 - - Z  

for positive integer n. By considering the l imit  n --+ cxD, show t h a t  if a a n d  0 
are real wi th  ]a] < 1 then,  

a sin 0 + a 2 sin 20 + a 3 sin 30 + . . . .  
a sin 0 

1 - 2 a c o s 0  + a 2" 
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3. (a) Show tha t  the function 

(b) 

has a s ta t ionary point at 

exp(ax) 
y ( x ) -  1 + exp(x) '  

x In ( 1 - - a  a )  = , Y - - - - a a ( 1 - a )  l-a,  

Sketch the graph of the function for the three cases a = ! 
2 '  

forO<a< I. 

a = I, a = 2 on a single set of axes. 

You are given that the function 

y(x)  = sinh -1 x + (sinh -1 x) 2, 

satisfies the differential equation 

(1 + x2)y '' + xy '  = 2, 

where a prime denotes differentiation with respect to x. Use Leibnitz' rule for 
differentiating a product to show that ,  if n is even, 

y(~)(O) = - ( - 1 ) 9  (n - 2)2(n - 4) 2 . . .  (2)2(2), 

where y('~)(x) is the nth derivative of y(x) .  What  is the equivalent expression 
for odd values of n? 

4. Find the integrals 

a) x e x p ( - x ) d x ,  f l exp(x) 
b) oo 1 + 2 exp(x) ~0 

1 

dx, c) x t an- l (x )  dx, 

dx / /1 d) tan(ln x) dx, e) 
X x 3 + x 2 + x" 

5. Find the solution of the equations 

(a) y ' =  2 + y2, y(O)= O. 
(b) y' + y s i n x  = xexp(cosx) ,  y(O) = O, 

(c) 4(2x 2 + xy)y '  = 3y 2 + 4xy. 

where a prime denotes differentiation with respect to x. 

6. Solve the differential equations 

(a) x2y " -  2xy' + 2y = 1, y(1) = 1, y'(1) = O, 

(b) y" + y ' -  6y = x + exp(2x), y(0) = 0, y'(0) = 1/5. 

where a prime denotes differentiation with respect to x. 
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