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T U R N  O V E R  



All questions may be answered, but only marks obtained on the best f o u r  questions will 
count. The use of an electronic calculator is n o t  permitted in this examination. 

. (a) Define t he  scalar  p r o d u c t  a .  b of  the  vectors  a and  b.  G ive  a careful  def ini t ion 
of their  vec to r  p r o d u c t  a A b .  

(b) Show t h a t  t he  d i s t ance  b e t w e e n  the  two skew lines r l  = a l  + Ab~ and  

r2 = a2 + #b2 is 
(a l  - a2) .  (bl  A b 2 )  

1(51A 52)1 
(c) Show t h a t  if t he  two lines 

x - - c ~  y - - c2  z - - c 3  

dl  d2 da ' 

x -- dl  

el  

intersect ,  t h e y  lie in the  p l a n e  

y - d2 z - d3 

C2 C3 

r . ( e A d ) = O ,  

where c = ci i  + czi + c3k, d = dli + dzi + dak and  c a n d  d are no t  paral lel  
vectors. 

. (a) State  De  Moivre ' s  t h e o r e m  a n d  use it to  show t h a t  if z = exp( i0)  t h e n  

(z '~ + z -n )  = 2 c o s ( n 0 )  and (z n -  z -n )  = 2 i s i n ( n 8 ) ,  

where n _> 0 is an  in teger .  

(b) Hence show t h a t  

sin 5 O = ½ (sin(50) - 5 sin(30) + 10 sin(O)).  

(c) Hence, or o therwise ,  e v a l u a t e  

f0 ~ 0 sin4(0) cos(P) dO. 
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3. The function defined by 
gd(t) = tan-l(sinh t) 

is known as the gudermannian of t. 

(a) Show that gd is odd and sketch its graph. 

(b) Given that 
1 3 1 5 t a n - l ( u ) = u - g u  + g u  + . - - ,  

1 3 1 5 s i n h t = t + ~ t  +i3-6t + - - - ,  

find the power series for gd(x) up to and including terms in x 5. 

(c) Show, directly from the definition, that 

gd(t) = seth u du. 

4. (a) Evaluate 

(b) if 

show that 

Hence find/3. 

fo ~ x dx fo ~ tan- l (x)  
(x + 1)2(x 2 + 1)' 1 + x 2 

j~ x C o s 2 n + I  ~: 

In = dt, n >  0, 
/2 sin t 

dx. 

2 ( n + l ) / ~ + l = 2 ( n + l ) I ~ + c o s  2"+2x, n > 0 .  

. (a) Find the solution of 

dy 
X~x x + ( x - 2 ) y = x  4, y ( 1 ) = l .  

(b) Use the substitution z = t any  to find the general solution of the differential 
equation 

s e c  2 y~-~ + 2x tan y = x. 
( i x  

6. Solve the differential equations 

(a) y" + y' - 12y = cosh 3x, 

(b) x2y ' ' -  2xy' + 2y= lnx, y ( 1 ) = y ' ( 1 ) = l .  

where a dash denotes differentiation with respect to x. 
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