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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of an electronic calculator is no t  permitted in this examination. 

. Define the following notions : 

(i) chain complex ; 

(ii) the homology groups of a chain complex ; 

(iii) an exact sequence of vector spaces and linear maps.  

Explain, giving necessary definitions, but without proof, how a short exact sequence 
of chain complexes gives rise to a long exact sequence of homology groups. 

State the Five Lemma. 

Let 
0 - +  A , J +  B , - ~  C , - +  0 

0 - +  A , - ~  B,  2+ C , - +  0 

be a commutative diagram of chain complexes and chain maps  in which both rows 
are exact, and fl and -y induce isomorphisms in homology. Show that  the induced 
map a ,  : H,(A)  -~ H, (A)  is also an isomorphism. 

. Explain what is meant by a simplicial complex.  If K is a simplicial complex, expIain 
further what is meant by 

i) the cone C K  ; 

ii) the homology groups H , ( K ;  IF) where F is a field. 

For any finite simplicial complex K,  show that  the cone C K  is connectedl and 
compute the homology groups H,.(CK; IF) for r />  01 

Let )(1, )(2 be subcomplexes of a finite simphcial complex X such tha t  X : X1UX2. 
Suppose that  over a field IF the homology of X1 N X2 is determined thus 

F r = O  
Hr(X1 ~ X2) ~- F 3 r = 2 

0 otherwise 

and that  both X1 and X2 are combinatorially equivalent to cones. Compute the 
homology groups H,.(X) for all r />  0. 

[You may use without proof the Mayer Vietoris Theorem relating the homology 
groups H, ( X) ,  H,(X1),  1-1,(}[2) and H , ( X 1 N  X2).] 
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. Define the following notions : 

(i) the l ink Lk(v, K)  of a vertex v in a simplicial complex K ; 

(ii) a simplicial surface ; 

(iii) the connected sum F,1 # Z2 of simplicial surfaces Z1, r,2. 

If Z1, Z2 are finite connected simplicial surfaces, state and prove a relationship 
which holds between the Euler  characteristics X(Z1), X(~2) and X(Z1 # F.2). 

Let Z be a finite connected simplicial surface which contains no M6bius band. If 
HI (Z;F2)  ~ 0, where F2 is the field with two elements, indicate the main steps 
involved in showing tha t  ~ is a connected slim 

~ Z I # T  2, 

and deduce tha t  dimF2 H1(5]~; F2) -- dimF2 H~(E; F2) - 2. 

. By identifying the sides of a rectangle appropriately, explain how to obtain : 

i) the torus T 2 ; ii) the Klein bot t le  K 2 ; iii) the MSbius band jV~Sb. 

By means of a suitable tr iangulation,  describe the real projective plane ~p2, and 
s ta te  without proof the relat ion which holds between ~]p2 and .£45b. 

Hence show tha t  if E is a finite connected surface which contains a MSbius band 
then  

E ~ ~2#EI 

for some surface Z1. 

Give a diagrammatic  proof t ha t  J~45b # T 2 ,,~ Jk45b # K 2. 

Hence deduce tha t  ]IEF 2 # T 2 ,,~ ~jp2 # IRp2 # ]l~p2. 
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. Define the trace, Tr(A), of an n × n matrix A. Explain  briefly how to define the 
trace of a linear map S : V --+ V, where V is a finite dimensional  vector space. 

Let K be a finite simplicial complex, and let f : K -+ K be a simplicial map. 
Explain what is meant  by the homological Lefschetz number )~hom(f), and state an 
alternative way in which this number may be calculated. 

State and prove the Lefschetz Fixed Simplex Theorem. 

Suppose that K is a finite simplicial complex whose ra t ional  homology is given by 

Q 

Hr(K,Q) = Q3 

0 

r ---- 0, I0 

r : 5  

otherwise 

and that  T : K --+ K is a simplicial map satisfying T 2 = Id. Suppose also tha t  the 
induced map Hs(T) : Hs(K; Q) --+ Hs(K; Q) may be described by the matr ix  

0 1 0 ) 
H s ( T ) =  1 0 0 . 

0 0 - 1  

List the possible values of Ahom(T). Hence deduce t ha t  there exists a simplex a of 
K such that  T(a)  = a. 
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