
r 

UNIVERSITY COLLEGE LONDON 

University of London 

EXAMINATION FOR INTERNAL STUDENTS 

For The Following Qualifications:- 

B.Sc. M.ScL 

Mathematics C329: Functions Of A Complex Variable I 

COURSE CODE : MATHC329 

UNIT VALUE : 0.50 

DATE : 03-MAY-05 

TIME : 14.30 

TIME ALLOWED : 2 Hours 

05-C0923-3-30 
© 2005 University College London T U R N  OVER 



All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 

The use of an electronic calculator is no t  permitted in this examination. 

. (a) Define the maximal function M(r ) .  

(b) State Schwarz's lemma. 

(c) Use the maximllm principle to prove the following generalisation of Schwarz's 
lemma: if f is a holomorphic funct ion from the , n i t  disc B(0, 1) into itself, 
and 

f(O) = f'(O) = . . . =  f (" - l ) (0)  = 0, 

then M(r)  < r ~. 

2. Let ~" be a family of functions defined on a domain D. Let A be an a rb i t ra ry  subset 
of D. 

(a) Define what it means that  

(i) ~" is uniformly bounded on A 

(ii) ~" is equicontinuous on A 

(iii) .%" is normal. 

(b) State and prove Weierstrass' theorem. 

(c) Show tha t  there is a largest domain D on which 

= {ne -nz : n = 1 ,2 , . . . }  

is normal, and find D. 

. (a) Define what the order of growth of an  entire function means. 

(b) Define the canonical factors Ek(z), and state Hadamard 's  product  theorem. 

(c) Show tha t  the Hadamard product of cos z is 

H I -- 7re(2n q- 1)2.. 
n=O 

You may use without proof that  the order of growth of cos z is 1. 
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4. Consider the  family of holomorphic functions f ( z )  on the unit  disc B(0, 1) of the 
form 

f ( z )  = z + a2z 2 + a3z 3 + . . .  (*) 

(a) Show t h a t  there exists a constant  c > 0 such that  the image of any holomorphic 
function f given by ( . )  on the unit  disc B(0, 1) contains a disc of radius c. (You 
may use the  theorem tha t  there exists a constant c' > 0 such tha t  for any M 
and for any such function f ( z ) ,  if I f ( z ) l  <_ M then the image f contains a disc 
around 0 of radius d / M . )  

(b) Show t h a t  for any 0 # w E C there is a holomorpkic function f ( z )  on B(0, 1) 
of the form ( . )  whose image does not  contain w. 

(c) Deduce t h a t  one cannot  always choose the centre of the disc in the statement 
(a) to be 0. 

. (a) Define Euler 's  constant  7 and the function F(z). 

(b) State Gauss '  formula and use.it to prove tha t  

~T 

r ( z ) r ( 1  - z)  = s i n . z '  z ¢ Z. 

You may  use the formula sinTrz = 7 r z y I ~ = l ( 1 -  z2 ~ )  Without proof. 

(c) Calculate IF( 1 + it)] for t e R. 
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