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All questions may be attempted but only marks obtained on the best fou r  solutions will 
count. 

The use of an electronic calculator is no t  permitted in this examination. 

1. (a) Consider the  following curve over C: 

C1 : x  2 - y 4 - -  1. 

Show tha t  there is only one point P at  infinity on C1. 

Show tha t  P is a singular point of C1. 

Using Bezout 's theorem or otherwise, find the intersection number  
I(C1, L, P),  where L is the line at  inf ini ty in projective space (i.e. z = 0). 

For all values A e C, calculate I (CI ,  C2, Q), where Q -- (1, 0) and  C2 is given 
by 

C2 : Ay 2 --- x -  1. 

(b) Find all rat ional  points on the following conic 

x 2 + 2xy  = 1. 

. (a) Define the te rm elliptic curve over a field k. 

Let C be an elliptic curve over k and  let O E C(k).  Define, wi th  the  aid of a 
diagram, the group law on C(k) corresponding to the point  O. Expla in  the 
role of Bezout 's theorem in the definition. 

Show tha t  O is the identity element. 

Show tha t  every element has an inverse. 

(b) Show tha t  O = (1 : - 1  : 0) is a point  of inflection of the  following elliptic 
curve over Q: 

C : u 3 Jr-V 3 -[-w 3 = 0. 

Reduce C to Weierstrass form. 
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. (a) Define the  te rm elliptic function. 

Let f be a non-zero elliptic function wi th  respect to a lattice L and let 9 ) be a 
fundamenta l  cell for L. If P 1 , . . . ,  PT are the  zeroes of f and Q1 , - - . ,  QT the 
poles of f in T (counting mult ipl ici ty)  show that  

E P i  - E Q i  E L. 

(b) Define the  Weierstrass ~-funct ion with  respect to a lattice L generated by 

bl,b2 E C. 

Show t h a t  pC-z)  ---- p(z) and  p ' ( - z )  = -p ' ( z ) .  

Hence show tha t  p '  has zeros of mult ipl ici ty 1 at ~ ,  2 ~ and ~ and no other 
zeros in the  fundamenta l  cell. 

. (a) S ta te  the  Nagell-Lutz Theorem. 

Describe an a lgor i thm for calculat ing the  group of rational torsion points on 
an elliptic curve over Q. 

Let P = (a, b) be a point  on an elliptic curve C in Weierstrass form. Show 
tha t  2 P  ---- CO if, and  only if, b ---- 0. 

(b) Calculate  the ra t ional  torsion on the curve 

y2 : X3 _~_ 1. 

. ( a )  Sta te  Mordell 's  Theorem.  

Define the  rank of an elliptic curve over Q. 

(b) Calculate  the rank  of the  following elliptic curve: 

y2 __: X 3 _~_ 7x. 
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