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All questions may be attempted but only marks obtained on the best five solutions will
count.
The use of an electronic calculator is not permitted in this ezamination.

1. (a) Show using a truth table that for any sets X, Y and Z,
(XuY)Nn(YuzZ)=Yu(Xn2z

Shade the set (X UY)N (Y U Z) on a Venn diagram.
(b) Explain what it means for a set to be countable.

Show that R is uncountable.

2. (a) Define the terms injective, surjective and bijective.

(b) Let X and Y be non-empty sets and let f : X — Y be an injective function.
Prove that f has a left-inverse.

(c) Give an example of a function f : N — N, which is surjective but not
injective.
Write down a right inverse of your function.

(d) Define f: R — R by

f(:c)={ 3z+1 ifz >0,

2—-z2 ifz<0.

Find a right-inverse of f.
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3. (a) Consider the following permutations:

(1 2 3 4567 8 9 10
9=\2 3 4516 8107 9)°
(123 456 7 8910
T™\5 4 716 210 93 8

Calculate o7, 7o and o~!.
Write o and 7 in disjoint cycle notation.
Find the orders of o and 7.

Calculate o3 and 72004

, writing your answers in functional notation.
Calculate sign(o) and sign(7).
Find an element of S;p with order 21.

(b) Prove that for any permutations 0,7 € S,

sign(oT) = sign(o)sign(7).

4. (a) State the axioms of a group.
State Lagrange’s Theorem.

Hence show that for any element g of a finite group G| the order of g is a

factor of |G]|.
(b) List the elements of the dihedral group of Dio.
Find the order of each element.

Find all subgroups of Dyo.

5. (a) Solve the congruence:
8z = 3 (143).
(b) Define the Euler totient function ¢ and calculate ¢(143).

(c) Hence calculate 83'° modulo 143.

(d) Solve the congruence
y'% = 2 (143).
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6. (a) Find all real solutions to the following simultaneous equations:

w + 2z + 3y + 4z = 10,
w 4+ z 4+ y + z = 4,
2r + 3y = J.

(b) Define the determinant of an n x n matrix (a; ;).

(c) Calculate (i) the determinant, and (ii) the inverse of the following matrix:

6 5 3
2 2 1].
2 2 2

7. (a) Find the eigenvalues and eigenvectors of the following matrices:

1 18 0 -1 -1
6 —10)° -1 2 -1].
3 1 4
(b) Hence or otherwise show that for n € N,

(ils _1;30)"=(__1)n(—23 _46)+2"(—42 —63)‘
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