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All questions may be attempted but only marks obtained on the best four solutions will 
count. The use of an electronic calculator is no t  permitted in this ezamination. 

. (a) A box contains five red and three green balls. One ball is drawn at random. 
is replaced and two more balls of this same colour are added to the box. A 
second ball is then drawn. 

It 

(i) Find the probability of a red ball on the second draw. 

(ii) Find the probability of one ball of each colour in the two draws. 

(iii) If the second ball drawn is red, find the probability that the first ball drawn 
was red. 

(b) The probability that Jim wins at table tennis is a function of his previous 

performance. The probability that he wins a given game is (½)k+l where k is 
the number of games that  he has won so far. If he plays three games, what is 
the probability that he will win at least two? 

2. If p is the probability of success in each trial of a sequence of Bernoulli trials, show 
that the probability of exactly r successes in n trials is given by the binomial 
distribution 

~CT pr(1 -- p)~-r, 

and find its mean #. 

A square city has 2N + 1 roads running due North and 2N + 1 roads running due 
East so that, measured from the centre of the city, each intersection can be described 
by the coordinates (m, n) with - N  ~< rn ~< N and - N  ~< n ~ N. A person P1 starts 
from ( - N ,  N) and moves in a Northerly or Easterly direction, choosing either 
direction at each intersection with equal probability. Show that the probability that 
he will reach the city centre is 

Q_ (2N)! 
(N!)222N" 

Persons P2, P3 and P4 start from the other corners of the city at the same time as P1 
starts, and they all walk at the same speed. Person P2 starts from the North-West 
corner and moves either Southerly or Easterly, P3 from the North-East corner and 
moves either Southerly or Westerly, and P4 starts from the South-East corner and 
moves either Northerly or Westerly. Show that the probability that at least two of 
them will meet at the centre is 

Q2 (3Q2 _ 8Q + 6). 
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3. A set of forces F~ acting at points Pi (i = 1, 2, ...) has vector sum F and sum of vector 
moments  G about  a point O. Show that  the scalar product  F . G  is the same for all 
points  O. Sho',, also that  the forces are equivalent to a single force if F . G  = 0 and 
F ¢ 0 .  

Forces with components  (F0,0, 0), (0, F0, 0) and (0, 0, F0) act at the  points 
(0, O, 0), (a, O, c) and (0, b, 0) respectively. Show tha t  the forces are equivalent to a 
s i ,@e force if c = a + b, and in that  case find where the line of action of this force 
i~. ersects the plane z = 0. 

. A length of rope is in contact with a rough plane curve. The coefficient of friction 
between them is p and the weight of the rope may  be neglected. Consider the 

l imit ing equil ibrium of an element A B  of rope tha t  is about to slip in the direction 
from A to B. Suppose that  at A, B the tangents  to the curve make intrinsic angles 
~' T &¢,/2 respectively with a fixed direction, and tha t  the tensions there are 
T T ~T/2. Bv resolving along and perpendicular  to the tangent  to the element at the 
point  where the intrinsic angle is ¢,  show that  d T / d ~  = pT,  and hence tha t  

TB = TA exp[p(@B -- CA)]. 

Two weights P and Q hang in equilibrium from a string which passes over a rough 
circular  cylinder in a plane perpendicular  to the axis, which is horizontal.  If P is on 
tile point of descending,  what  weight may be added  to Q without  causing Q to 
descend? 

5. A particle of mass m moves on a fixed line Ox under  a resistance of magni tude  m k v  2 
and  a restoring force rn'f(x) towards the origin O. Here x is the displacement of the 
part icle from O and v = x is its velocity. The particle is projected from O with 
speed u, comes to rest at x = a > 0, and returns to O with speed ul.  Show that  

/0 /0 o u 2 = 2 f(x)e2kXdx and u~ = 2 f (x)e-2kXdx.  

If the  restoring force is a constant of magni tude  Ak, show that  

= A ( 1  - e -2 a) 

and  that  the part icle next comes to rest at the negative value of x given by 

e - 2 k x  = 2 - e - 2 k a .  
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6. A particle of mass m is moving under  the action of a force with potential  

v ( x )  = v0 2( 2 _ 3), 
4 -  x 2 [x] < 2, V0 > O. 

Sketch the graph  of V(x) for Ix] < 2, given that  it has a min imum at both x = ±21/2, 
and  a max imum at the origin. 

If the  total  energy E = 7V0/2, show that  the particle moves between the positions 

(~) 1/2 
x - - - - - ±  , 

and  find its speed when x = O. 

Suppose tha t  E = 0, and that  at t ime T the particle is within a small dis tance of the 
origin and is moving towards it. Show that  the energy equat ion may be 
approximated  by 

= 3v0x2/(2m). 
Find  x as a function of the time, and deduce that  the particle will take an infinite 
t ime  to reach the  origin. 
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