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All questions may be attempted but only marks obtained on the best four  solutions will 
count. 

The use of an electronic calculator is not  permitted in this ezamination. 

. 

(b) 

(c) 

(a) Let B = {el, e2, e3} and/?  = {el ,  e2, t}3} be two sets of right-handed orthonor- 
mal vectors. Define the transition matrix H from /) to B. Given that H 
is orthogonal, show that the matr ix  H H  T, where [-Iij = d(Hij)/dt, is skew- 
symmetric. 

If 

H =  (c°s0(t2) 01 -s in( t2))0 , 

\ sin(t 2) 0 cos(t 2) 

find the angular velocity of B relative t o / ) .  

The vectors in B and 1) are along the coordinate axes of two frames of reference 
R and R respectively. The two frames of reference share a common origin. The 
angular velocity of B relative t o / )  is ~o. 

State, without proof, the Coriolis theorem relating Dx  and /)x, the rates 
of changes of the vector x measured by observers fixed relative to R and /) 
respectively. 

A particle of mass m is subject to a force F in an inertial frame /). Use the 
Coriolis theorem to derive a relation between the accelerations D2x and / )2x  
measured by observers fixed relative to R and /) respectively. Hence write 
down the equation of motion of the particle in frame R. Identify the Coriolis 
and centrifugal force terms. 

Consider a Foucault's pendulum experiment taking place at the North pole 
of the Earth. Briefly describe and explain the behaviour of the pendulum 
according to, (i), an observer attached to the surface of the Earth and, (ii), an 
inertial observer. 
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. (a) Consider a system of N particles of constant  masses ml ,  m 2 , . . . ,  m N  and posi- 

tion vectors r l ,  r 2 , . . . ,  rN. The external force act ing on the i th part icle is FI ~) 
and Fj i  is the internal  force acting on the i th particle due to the j t h  particle. 

Wha t  is the posit ion vector of the centre of mass of the particles? 

Write  down the equat ion of motion for each 'part icle  and show tha t  if there  are 
no external  forces act ing on the particles then the centre of mass moves with 
constant  velocity v. 

(b) The system of particles now moves under the influence of an external  force. The 
internal  forces Fji  are derivable from a potent ial  Vint = Vint [rl (t), r 2 ( t ) , . . . ,  rN(t)] 
i.e. ~--~'~j Fj~ = -ViVint .  

Show tha t  the total  kinetic energy T can be wri t ten as T = TCM + Trel, where 
TOM is the kinetic energy of the centre of mass and Tret is the kinetic energy 
about  the centre of mass. 

d T  (~) " 
( i )  = . + Z . Fj , 

i i , j  

(ii) dTcM (e) 
dt - v • E Fi ' 

i 

(iii) d~iint 
dt - E v i  " F j i ,  

i , j  

Show tha t  

where vi is the velocity of the i th particle. 

If FI e) = m~c, i = 1 , 2 , . . . , N ,  where c is a constant vector, deduce that  
Trel + Vint is a constant .  
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. ( a )  

(b) 

Define the Lagrangian L for a system with n degrees of freedom. Write down 
Lagrange's equations of motion for the system. 

For a single particle moving in one dimension, deduce Newton's second law 
from Lagrange's equations. 

A massless rod of length l is propped-up in/~ corner and is able to slide without 
friction. Its upper end is located at (0, z) and its lower end at (z, 0). A bead of 
mass rn slides without friction on the rod under the influence of gravity acting 
in the - k  direction. The motion of the bead and the rod is confined to the 
(z, z)-plane. Taking as generalized coordinates the distance s of the bead along 
the rod from its upper end and 0 the angle the rod makes with the horizontal, 
show that  the system has Lagrangian 

--2 ~2+ -liOsin20+l(l-2s)O2cos20 -rng(1-s)  sinO. 

Initially the rod is at rest (i.e. ~) = 0), 0 = 00 ¢ 7c/4 and s = I/2. Use 
Lagrange's equations to show that intially 

- 2 9 cos 00 

l cos 200" 

For what values of 00 does the upper end of the rod initially slide upwards? 
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. 

(b) 

(a) The dynamics of a system are governed by a Lagrangian L(q,/t ,  t). Define the 
Hamiltonian H of a system and write down Hamilton's equations of motion. 
Shoat that  

dH OH 

dt Ot " 

A particle of mass rn moving in a plane is subject to a force F = F(r)er ,  where 
r is the distance of the particle from the origin and er is a unit vector in the 
radial direction. 

Find the Hamiltonian of the system and use Hamilton's equations of motion 
to show that the angular momentum of the particle is conserved. 

To what symmetry does this conservation law correspond? 

(c) If a system has Hamiltonian 

H = [p - F(q ,  t)]: 
2a(q,t) + V(q,  t) ,  

show that  the corresponding Lagrangian is 

1 
L = -~G(q,t)il 2 + F ( q , t ) i l -  V (q , t ) .  

Consider the Hamiltonian 

f2 Of (q, t) 
[I -- 2G(q, t) + V(q, t) + Ot 

where f = GO and Of/Oq = F.  Show that H and / )  give rise to the same 
motion. 
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. (a) A rigid body  with density p and volume V rotates  freely with angular  velocity 
w about  a fixed point P.  

Write down the expression for Jij, the i j t h  element  of the inert ia  mat r ix  J 
calculated in a rest frame with origin P and set of axes B = {el,  e2, e3}. 

Show tha t  the angular m o m e n t u m  Lp of the rigid body  about P is given by 

Lpi = Jijwj. 

Show also tha t  the kinetic energy about P is 

1 
T = ~wiwjJij .  

Explain how, given J,  principal axes at P can be found. Wha t  form does J 
take if principal axes are chosen as axes for the rest frame? 

[You may  assume the results 

a x (b  x c) = ( a - c ) b  - ( a .  b )c ,  

(a x b ) - ( a  x b) = ( a .  a ) ( b - b )  - ( a .  b)2.] 

(b) A rest frame has origin at the centre of a uniform rectangular  block of mass m 
and is chosen such that  the block is defined by - a  < x < a, - b  _< y < b and 
- - c < z < c .  

Show tha t  the. inert ia  matr ix  of the block in this rest frame is 

j = m ( b2 + c2 0 0 
-~- 0 a 2 + c 2 0 . 

\ 0 0 a 2 + b 2 ] 
If the block spins with angular  speed w about  an axis passing through the 
centre and a vertex of the block, calculate the block's kinetic energy about  its 
centre of mass. 
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6. A symmetric top moves about a fixed point P in a uniform gravitational field. 

The Lagrangian L(¢, ¢, 0) for a symmetric top with moments of inertia A and C is, 
in the usual notation, 

L = 1A 1 (¢  + ,¢  cos 0) 2 2 (0~2sin20 + 0z) + 2 C -mgacosO, 

where a is the distance from the centre of mass to P. 

Describe briefly, with the aid of a sketch, the sort of motions represented by 0, 
and ¢. 

Show that 
• +  q~cos 0 = n, 

Aq~ sin 20 + Cn cos 0 = h, 

A (02 + ¢2 s in  2 0 )  + 2mga cos0 = 2E - err 2, 

where n,h and E are constants. Give a physical interpretation of each of these 
conservation laws. 

A top, initially spinning with angular velocity of magnitude w about its symmetry 
axis, is released from rest with its symmetry axis nearly vertical (i.e. 0 ~ 0). The 
top is observed to move in such a way that the lowest position the symmetry axis 
reaches is horizontal. Use the above conservation laws to show that  

1 
w = ~,/2rnaaA. , g  - -  j ~ 

Sketch the trajectory that  the intersection of the symmetry axis of the top makes 
with the unit sphere. 
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