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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of  an electronic calculator is n o t  permitted in this examination. 

. (a) Define what it means tha t  

(i) an arithmetic function is multiplicative 

(ii) an arithmetic function is completely multiplicative 

(iii) convolution of two ari thmetic functions. 

(b) Let at(n) = ~'].jl,~j ~. 

(i) Find an arithmetic function a(n) such tha t  aT -- a • 1. 

(ii) Express ~-']~=1 ~r(:) in terms of the (-function for sui table s. 

(iii) Deduce tha t  a_l(n) - ~l(n) 
n 

2. Suppose that  a(n) is completely multiplicative and S] -- ~ = 1  a(n)  is absolutely 
convergent. 

(a) State Euler's product formula and s tate  the corresponding formula  for the  ( -  
function. 

(b) Define the Mhbius function Iz and use Euler 's product  formula  to show tha t  
_ 1  = 
8 ,  

(c) Let $2 -- ~-~°°_ 1 a(n) 2. Show tha t  ~ = ~-~-~=1 [ ' (n) la(n)  and  s ta te  the  corre- 
]-aO~) 2 sponding formula for (-function. (Hint: use the equality l-a@) ---- 1 + a(p).) 
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3. Show the main  step of the  proof of prime number  theorem, namely: if f is a holo- 
morphic  funct ion on a domain tha t  contains {Res  > 1} except possibly for s = 1, 
and a(n) is an  ar i thmet ic  function with A(x)  = ~n<~ a(n) such tha t  

a(n) converges absolutely to f ( s )  when Re s > 1; •  Y_-I 

• f ( s )  = ~ + ~ + (s - 1)h(s),  h is holomorphic on a domain that  contains 
{ R e s  > 1}; 

• there  is a funct ion P(t) such tha t  I f (a ± it)l <_ P(t) when a > 1 and t > to 
(to > 1), and dt < 

t hen  
~ A(y) - ~y 

-y5 dy = Z. 

You may use wi thou t  proof the Riemann-Lebesgue Lemma, and the facts tha t  

and 

1 f c + i ~  x'-'h(s) x A(~)-~ z. 1). 2~i Jc-ioo ~ ds = f[ -- (Z -- a) (1 _ 1  - -  ~ ~u ; )  (for x > 1, c > 

. (a) Define wha t  is 

(i) a character  of a finite Abelian group 

(ii) a Dirichlet  character mod  k 

(iii) the  funct ion L(X, s). 

(b) Let X be any Dirichlet character mod k, and let X0 be the principal character 
mod k. Show t h a t  for any a > 1 and for any t, 

IL(Xo, a)3L(x ,a  A- it)4L(x2, a + 2it)[ > 1. 

You may  use wi thout  proof any valid formula for L(X, s) and log L(X, s). 

(c) Explain  where L(X, s) ~ 0 was used in the proof of Dirichlet's theorem about  
prime numbers  in residue classes. 
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. (a) Define the function li(x) and state  prime number theorem together  with error 
estimate. 

(b) Show tha t  
~ x  In(X)  de__f _ _ 1  X 

(1ogt)" dt  "~ (1ogx)n+ 1 . 

(c) Deduce that  ! 
- n(x)l < .(x) logXx I I~(x) 

for every large enough x, i.e. li(x) is a bet ter  approximation of ~(x) than  - -  X 
log x" 
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