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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of an electronic calculator is not  permitted in this examination. 

. (a) Define what it means for a sequence of functions {fn}n~ 1 to  converge uniformly 
on an interval [a, b]. 

(b) Prove that if fn --~ f uniformly on [a, b], and each fn is continuous on [a, b], 
then f is continuous on [a, b]. 

(c) Prove that  if fn ---* f uniformly on [a, b], and each fn is Riemann integrable 
on [a,b], then f is Pdemann integrable on [a,b] and f~ fi,(x)dx ~ f~ f(x)dx as 
U - * C O .  

(d) Suppose that  {f~}~=l and {gn}~-i are two sequences of flmctions on I c 1~ 
such that  both f~ --. f and g~ --* g uniformly on I,  where g is a positive 
function. Is it true that  ~ ~ £ uniformly on I?  Just i fy your answer. [Hint: I 

gn  g 

does not have to be a closed interval]. 

. Prove that  for any continuous function f on the interval [0, 1] there exists a 
sequence {B~(f)}~=1 of polynomials with Br,(f)---. f uniformly on [0, 1]. You 
may use the properties of the functions pnk without proof. 

. (a) Define the Fourier series of a Riemann integrable function f on an interval 
[a, b] with respect to an orthonormal system (¢k)k°°__l. 

(b) Let {a~} be the Fourier coefficients of a Riemann integrable function f on an 
interval [a, b] with respect to an orthonormal system (Ca)k°°_ 1 Show that for 
each natural n and any numbers cl, c2,.., cn the following inequality holds: 

fab ( f (x)  ~ akCk(x)) 2dx f b( 
- <_ f(x) - ckCk(x)/2dx,'~ 

k = l  k = l  

with equality only in the case c~ = aj for all j = 1, 2 , . . .  n. 

(c) Let Sn = ~ = 1  akCk be the partial sum of the Fourier series of f .  
(i) Is it true that  

lim x) - S,,(x dx = 07 
n~m,....~oo 

(ii) Is it true tha t  S,, converges to f pointwise on [a, b]? 
Justify your answers. 
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. 
(a) Define the  terms metr ic  space, open  ball, closed ball, open set and closed set. 

(b) Let (X, d) be a metr ic  space. Prove tha t  A c X is closed if and only if every 
sequence  of points in A tha t  converges in (X, d) converges to a point in A. 

(c) Prove tha t  any closed ball is a closed set. 

(d) Let Yl, Y2 E X and r E l~. Define 

H(yl,y2, r) = {x e X " d(x, y l ) - d ( x ,  y2) < r}. 

Prove tha t  H(yl,y2,r)  is an open set. 

. (a) Define a contraction mapping in a metr ic  space. 

(b) Sta te  and  prove the Contract ion Mapping  Theorem.  

(c) Let T be a contract ion mapp ing  wi th  d(Tx, Tv) < ~ for ^~-~- . . . .  ~" 

Suppose,  z pom~ SUCh tna~ any o ther  point  from X lies wi th in  
E X i s  a - - :  " . . ,  , ? "  - -  . 2  ~ 1 ~  ~ , y  ~ A .  

dis tance  1 from z. For which smallest  n can we guarantee  that  T~(z) is wi th in  
dis tance  10 -a from the  fixed point  of T? 

(d) Prove tha t  the  system of equat ions  

sin(4y) + 5 - x = 0 

cos(x/5)  - 3 - y = 0 

has a unique  real solution (x, y). 

. 
(a) Define the  operator norm ]IT][ of a l inear map T • R '~ --, R n. Prove tha t  if 

S :  lt~ n --~ •n is linear then  I[S + T[] _< IIS[I + [[T[[ and [ISTI[ < IIS[IIIT[[ 

(b) Prove tha t  if a linear map  A -  l~ '~ --, 11~ n satisfies IIAxl[ 2 > 2[Ix[[ 2 for all x c l~ ~ 
then  I + A  is invertible. [Hint: you may  wish to use the fact tha t  i f T  : ] ~  ~ l~ n 
satisfies IITII < 1, then  I - T is invertible, but you would have to prove this.] 
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