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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

. a) Find all complex numbers  z such that  e z = - 1 .  

b) Show that  the  Cauchy-Riemann equations are satisfied for f ( z )  = ! on C \ {0}. 
z 

c) Is there a holomorphic function F • C \ {0} ~ C such tha t  F' ( z )  = !7 Justify Z " 

your answer. 

d) Is there a holomorphic function F "  C \ {0} --, C such tha t  F' ( z )  = cos~? Justify ~-7~- • 
your answer. 

. a) Define the te rms path and contour. 

b) Define the pa th  integral f~ f (z )dz .  

c) Compute f~ ½ dz for 7(t)  = e~t,O < t < 7r. 

d) Prove: If F is holomorphic on the open set G, F'(z)  = f ( z )  and  7"  [a, b] --~ G is 
a path then f~ f ( z ) d z  = F(7(b))  - F(7(a)) .  

e) Is the following s ta tement  t rue or false? I f  f • G --* C is holomorphic on an open 
set G and 7 is a contour in G then f~ f ( z ) d z  = O. Provide a short  explanation. 

3. a) State Cauchy's  integral formula for a holomorphic function f and for its 
derivative f ' .  

b) Derive Cauchy's  es t imate  If'(z)l <. i max{ i f (~ ) l .  ]~ _ zl = r}. 

c) Derive Cauchy's  integral formula for f from the residue theorem.  
e z d) Compute the integral f-r ~(-U4~ dz where 7(t) = 1 _it 5e , 0 < ~ t  ~ 2 ~ .  

. a) Define the following terms: isolated singularity, pole, removable singularity, es- 
sential singularity. 

b) Determine all singularities of f ( z )  = tan~ and their type. 
z 

c) Formulate Taylor 's theorem for holomorphic functions. 

d) Find the Taylor series for f ( z )  = W:~I about  z = 0 and de te rmine  its radius of 
convergence. 
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5. a) Define the  residue r e s ( f ,  a). Formulate the  residue theorem. 

b) Show tha t  the  residue of f ( z )  = p(~) at a is given by p(a) under  suitable assump- 
tions, and describe these assumptions.  

c) Compute  the  integral f-~oo 1+~2 dx.  l + x  4 

6. Let A = {z " R < Izl < s} be an annulus, and f - A --, C be a holomorphic 
function. 

a) State Laurent 's  expansion theorem for f about  0. 

b) Prove this theorem using Cauchy's  integral formula for an annulus 

1 f~ f ( w )  d w 1 f~  f ( W )  dw,  
f ( z )  -- 21ri 8 w - -  z -- 2~r---~ r w - -  z R<T<IzI<s<S 

(where % denotes the positively oriented circle with radius c and centre 0) 

c) Find the Laurent expansion for f ( z )  = z-1 (z+l)(z-2) about z = 0 in the annulus 
{ z .  1 < Izl < 2}. 
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