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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

1. (a) S ta t e  and  prove the  Cauchy-Schwarz  inequal i ty .  

(b) Prove  t h a t  for real n u m b e r s  a l , . . . ,  an a n d  b l , . . . ,  b~, 

(c) Suppose  t ha t  a l , . . .  ,am are real n u m b e r s ,  and  t h a t  P l , . . .  ,p,~ are n o n n e g a t i v e  
n real n u m b e r s  wi th  ~'~i=1 Pi ---- 1. Prove  t h a t  

Piai ~ pia 2 
i----1 

2. (a) Define wha t  it means  for a sequence  (x~)n°°__ 1 to  be  a Cauchy sequence. 

--* x oo C a u c h y  sequence?  (b) Suppose  t h a t  ]x~+l - xn I --~ 0 as n co.  Mus t  ( ~)~=1 be  a 

(c) State the  Bolzano-Weiers t rass  T h e o r e m .  

(d) S ta te  and  prove the  Genera l  P r inc ip le  of  Convergence .  

3. (a) Define wha t  it  means  for a s e r i e s  ~-~n°°_l X n to  be convergent. 

(b) State t he  Ra t io  Test  for series. 

(c) S ta t e  and  prove the  Compar i son  Tes t  for series. 

(d) For each of the  following series, d e t e r m i n e  w h e t h e r  or n o t  i t  converges:  

 o 000_ 
2 . , 3,~ , • n=l  n=l  n-----3 (n + 1)  3 l o g n  

[You m a y  assume t h a t  E~=I 1/n2 converges . ]  
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4. (a) Define exp(x) for a real number x by giving a power series. 

(b) Define what  it means  for ~-~:°=1 x~ to converge absolutely. 

(c) Prove tha t  the series for exp(x) converges absolutely. 
oo b (d) Prove tha t  if ~'.:°=o aN and ~-'~,~=0 - are absolutely convergent series then 

where c~ ---- aob, + a l b , - i  + . . .  + a~bo. [You may a~sume that  any rearrangement of 
an absolutely convergent series converges to the  same sum.] 

(e) Prove tha t  if x and y are real numbers then  exp(x + y) : exp(x) exp(y). [You 
may use a general theorem about multiplication of series, provided that  you state 
it carefully.] 

5. (a) Define wha t  it means  to say that  a function f is continuous at c. 

(b) State and prove the  Intermediate Value Theorem. 

(c) Suppose tha t  f and g are continuous real functions on [0, 1] such that  

f (0)  + f (1)  : g(0) + g(1). 

Prove tha t  there  is some x E [0, 1] with f ( x )  ---- g(x). 

6. (a) Prove tha t  a continuous function f on a closed interval [a, b] is bounded. 

(b) Prove tha t  if f is continuous on [a, b] and 

M - ~  s u p { f ( x )  : x E [a,b]} 

then there is x E [a, b] wi th  f ( x )  = M .  

(c) Suppose tha t  f is continuous on (0, 1), and 

M - -  s u p { f ( x ) :  x e (0,1)}. 

Must there be x E (0, 1) with f ( x )  -- M ?  
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