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All questions may be attempted but only marks obtained on the best fou r  solutions will 
count. 
The use o f  an electronic calculator is n o t  permitted in this examination. 

1. Let 

P =  5 4 6 7 3 , a =  2 1 7 3 4 " 

(a) Express p and a in cycle notation. 

(b) Find (in standard notation) pa, ap, and p-1. 

(c) What  are the orders of p and a? 

(d) Give, with explanations, the signs of p and a. 

(e) Let AT be the set of even permutations of seven elements. Show that  A7 is a 
subgroup of ST, the group of all permutations of seven elements. W h a t  is the 
order of AT? 

. 

(d) 
(e) 

(a) Let (g~l , o) be the multiplicative group rood 11 (where a • b =_ ab mod 11). 
In this group, find the group elements corresponding to 

(i) 5 • 7; 
(ii) 3-1; 

(iii) 10-1; 
(iv) 107 . 

(b) What  is the order of the symmetry group of an n sided regular polygon, Dn? 
What  is the order of the symmetry group of a cube? W h a t  is the order of the 
symmetry group of a tetrahedron? 

(c) The symmetry  group of a triangle (the dihedral group/93) has elements 
{e, r, r u, f ,  r f ,  rUf}, where r gives a rotation through 120 ° and f gives a flip. 
Which group element corresponds to the following products: 

(i) f r ;  

(ii) ( r f r ) - l ;  

(iii) r6fSrl°  f % f r f r f  . 

Find subgroups of D3 of order 2 and 3. 

Given two groups (G, .)  with operation • and (H, ®) with operation ®, what  
is the definition of a homomorphism from G to H ?  W h a t  is an isomorphism 
from G to H?  

(f) Write down all elements of the permutat ion group on 3 objects, i.e. the sym- 
metric group $3 (you may use either s tandard notation or cycle notation). Find 
an isomorphism from/93 to $3. 
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. (a) Given a system of linear equations whose corresponding augmented matrix has 
reduced row echelon form M, describe the conditions on M which imply that  
the system has 

(i) a unique solution, 

(ii) no solution, 

(iii) many solutions. 

(b) What  is the augmented matrix corresponding to the system of linear equations 

2 x - 3 y + 2 z  = -1 ;  

x y 2z -- 4; 

- x  + 2y -- 2. 

Transform the augmented matrix to reduced row echelon form. 
solution (if any) to the system of equations? 

What is the 
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. (a) Let A and B be square (n x n) matrices. Define, in terms of i, j entries the 
product AB,  the transpose A T, and trace(A). 

(b) show that  for three square matrices P, Q, and R, 

Also show that  

trace( PQ R ) = trace( R P Q  ). 

t race (B- lAB)  = trace(A) 

for square matrices A and B. 

(c) Show that  (pQ)T  = QTpT.  

(d) Show that  matrix multiplication of square matrices is associative. 

(e) Find the inverse of the matrix 
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5. Let 

(a) Find all eigenvalues for A. 

(b) Find the associated eigenvectors. 

(c) Find, if possible, an invertible matr ix B and a diagonal matr ix A such tha t  
B - l A B  = A.  

(d) Let M be a symmetric n x n matrix, M = M T. Let V and W be n-dimensional  
vectors. Show that  

( M V ) . W  = V .  ( M W ) .  

(e) Suppose M is a symmetric n x n matrix, with distinct eigenvalues a and b, 
corresponding to eigenvectors V and W .  Show that  V and W are orthogonal. 

6. Consider a square region R in the x - y plane, aligned parallel to the  x and y axes. 
Let V be a two-dimensional vector representing a point in R. 

(a) Consider the following linear transformations acting on R. Tell whether  each 
of the following transformations is a dilation, contraction, rotation, shear, or a 
combination of these. Also give a rough sketch of the effect of each transfor- 
mation on R. 

(i) 

(ii) 

(iii) 

[ 1/2 ,,'5/21 
v --. [ -v '5 /2  1/2 j V. 

[10 :iv 
:iv 

(b) Give a linear transformation which squashes R into a rectangle of the same 
area, but  where the width is double the height. 

(c) Give a linear transformation which projects R into the line x = y. 

(d) Show tha t  the result of any linear t ransformation acting on R is a parallelogram. 
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