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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 

The use of an electronic calculator is n o t  permitted in this examination. 

1. Let G be the group with presentat ion 

c :=  <r, s l r 2  = s 2 =  (rs)  ~ = e>. 

Show that G has order 8. 

Const ruct  a group table for G. 

2. Define the te rm signum sgnp of a permutation p C S,,, and prove tha t ,  if T C S ,  is 
a t ransposi t ion,  then  

sgn(Tp) = -- sgn p. 

Let p, cr C $7 be 

I17 2 3 4 5 6 ~ /  ( ~  2 3 4 5 6 7 / 
P : =  3 4 2 6 1 ' ~ : =  3 1 7 2 5 4 " 

Express p, or, p - l a  and o2p -3 in cycle notation, and find each of thei r  signa. 

3. For wha t  values of a does the following system of linear equat ions have a solution. 
Find all the solutions when a takes these values. 

2~1 - 442 + 4~3 + 544 = (2 
--41 + 242 -- 243 + a44 = 3 
3~1 -- 642 + 5~3 + 844 = 2a 

41 - 242 + 2~3 + 344 = 1 
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4. Let  A be the 4 x 6 mat r ix  

3 3 9 0 - 4  2 -] 
- 1  - 2  - 2  - 2  2 1 
- 1  - 4  0 - 6  9 10 
- 2  - 1  - 7  2 - 2  - 7  

F ind  bases for bo th  the  row space a n d  the  column space of A, expla in ing  carefully 
why your method  yields the  requi red  answers. 

5. Let M be an r~ x n mat r ix  over t h e  field F. Show tha t  the re  exist an invertible 
mat r ix  B and a diagonal  mat r ix  A,  such  tha t  B - 1 M B  = A, if and  only if F n has a 
basis consisting of eigenvectors of M .  

Diagonalize, if possible, the  ma t r ix  

0221 
- 2  - 5  4 . 

1 2 1 

6. W h a t  does it mean to say tha t  the  s e t  { U l ,  . . .  , ~tk} of vectors in R n is orthonorrnal? 
Prove that  an o r thonormal  set is l inear ly  independent .  If { U l , . . . ,  uk} is an  ortho- 
normal  set and z is a linear c o m b i n a t i o n  of u l , . . . ,  u~, explain (wi th  proof)  how to 
find the coefficients in the  linear c o m b i n a t i o n  in te rms of z and  u l , . . . ,  uk alone. 

Define what it means to say t h a t  an  n x n matr ix U is orthogonal. Prove  tha t  the  
family (9,, of n x n or thogonal  ma t r i c e s  forms a group. 
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