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All questions may be attempted but only marks obtained on the best four  solutions will 
count. 

The use of an electronic calculator is not  permitted in this examination. 

1. Prove Lagrange's theorem, that the order of a subgroup H of a finite group G divides 
the order of G. (Any result appealed to must be stated clearly.) 

Using Lagrange's theorem, or otherwise, show that there are only two essentially 
different groups of order 4. 

2. Let p, or, ~- E 8'9 be 

( 1  2 3 4 5 6 7 8 9 )  ( 1  2 3 4 5 6 7 8 9) 
P =  3 9 8 2 1 5 7 6 4 ' ~ =  4 8 7 3 9 2 5 6 1 ' 

( 1 2 3 4 5 6 7 8  97) 
T= I 6 9 2 3 8 5 4 " 

Express p, c~, % p-l, ~2 pcr-1 7-1o_, w~p in cycle notation. 

Define the signum sgnp of a permutation p E S~. Prove that, if p, o- E S~, then 
sgn(p~) = (sgn p)(sgn ~). 

Write down the signa of the 8 permutations p, ..., 7-~p above. 

3. What  relationship must hold between a and t3 so that the system of linear equations 

241 + 642 + a43 = - 5  
41 ~- 342 -- 243 = - - 2  

-241 - 642 + 34s = /3 

has a solution? Find all the solutions when the equations are consistent. 

Explain, in terms of the augmented matrix of the system, exactly when a system of 
linear equations will have a solution. 
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,1. Wha t  does it m e a n  to say tha t  a ma t r ix  is in row echelon form? Expla in  briefly 
why the row echelon form of an rn x n mat r ix  A over a field F is unique. 

Reduce the  following matr ix  (completely)  to row echelon form: 

2 4 3 - 4  - 3 ]  

J 
- 2  - 4  - 1  2 --1 
- 1  - 2  - 2  3 2 " 

6 - I  -2  -3 2 

5. Evaluate the  de t e rminan t  
1 1 1 7 

- 6  0 3 - 6  
7 - 5  - 2  6 

- 4  8 - 1  8 

Describe (with reasons) the effect on det ,4, if a p e r m u t a t i o n  o- is applied to the  rows 
of the square mat r ix  A. (An)' resul ts  a s sumed  mus t  be s t a t e d  clearly.) 

6. Let, 

M :=  1 - 2  
1 0 

Either find an invertible matr ix  B and  a diagonal  mat r ix  A such tha t  B - 1 M B  = A, 
or explain why  no such matrices exist. 

M A T H M  120 END OF P A P E R  


