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All  questions may be attemptezI but only marks obtained on the best f o u r  solutions will 
count. 

The use of an electronic calculator is n o t  permit ted in this examination.  

1. Let G be a finite group. Explain what  is meant  by the  order, ord g ,  of g E G. 

Define the kernel Ker(~) and image Im(~)  of a group homomorph i sm 9~ : G --~ H. 

State and prove a relationship wtfich holds between Ker(~)  and Im(~) .  

Deduce that  if x E G then ord ~(x) divides bo th  IGI and  IHI. 

Let ~,~ : Cn -*  Cn denote  the homomorph i sm ~ m ( x  t) = x '~t. State  a necessary and  
sufficient condit ion on m for ~,~ to be an  automorphism.  

Describe Aut(C1.5) explicitly as a product  of cyclic groups. 

2. Let K, Q be groups. Explain what  is mean t  by a semi-direct product 

K>%Q 
If K , Q are subgroups of the  finite group G, s ta te  and prove a cri terion which 
allows one to recognize G as such a semidirect  product .  

List all homomorphisms ~ : G'5 -~ Aut(C22). 

Hence list, wi th  explanation, the isomorphically dis t inct  groups of the  form 

c22 . 

. Let o : G x X ~ X be a left action of a finite group G on a finite set X,  and let 
x C X. Explain what  is meant  by 

(i) the fixed point  set X c ; (ii) the orbit (x} ; (iii) the  stabil i ty subgroup Stabc;(x). 

Explain, with proof, what  is meant  by the  Class Equa t ion  of such an act ion in bo th  
its set-theoretic and numerical forms. 

Describe the numerical  form explicitly when X = G = A4, the  a l te rna t ing  group on 
4 letters, and the  action is conjugation o : A4 x A4 --~ A4 ; g o h = gh.q -1. 

Let p be a pr ime and P a group of order pn acting on a finite Set X with fixed poin t  
set X P. Prove tha t  ]xPI =_ IX] (rood p). 
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4. Let  p be a prime, and  let G be a group of order kp '~ where n ~> 1 and k is coprime to 
p, and  let Np be the  number  of subgroups of G of order p~. Assuming that  Np ~> 1, 
show tha t  

N,---- 1 (rood p). 

Let  p, q be  pr imes such tha t  qn < p and let G be a gxoup of order pqn. Stating any 
fur ther  assumpt ions  you are making,  prove tha t  G is a semi-direct  product  

G ~ P } ~ Q  

where  IPI = p and  IQI = q~. 

Hence describe all groups of order  725. 

. Let  p(x) be  an irreducible polynomial  of degree n ~> 1 over a field IF; show tha t  
F[x]/(p(x)) is an integral domain.  

Sta te  a re la t ionship between dim~F[x]/(p(x)) and n, and  explain why F[x]/(p(x)) is 
a field. 

Let  IF3 deno te  the  field wi th  three  e lements  ; 

i) show tha t  x 2 + x + 2 is i rreducible over IF3 ; 

ii) by finding a generator ,  show explicitly t h a t  the  multiplicative group (F3[x]/(x 2 + x + 2))* 
is cyclic. 

. Sta te  and  prove Eisenstein 's  Criterion. 

Give the  comple te  factorisations of the  polynomials  below into monic irreducible 
factors over Q, jus t i fying your answer in each case. 

i) x 22 - 3 x  11 + 2 ; 

ii) x 4 - 4 x  3 + 6 x  2 + x + 1 .  

Write  down the  comple te  factorisations of x 15 - 1 and  x ~° - 1 into monic irreducible 
factors over Q. Hence or otherwise,  give the  corresponding factorisation of x 15 + 1. 

M A T H M 2 2 2  END OF P A P E R  


