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All  questions m a y  be attempted but only marks obtained on the best four solutions will 
count. The use  of  an electronic calculator is not permitted in this examination. 
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(a) F ind ,  in s t a n d a r d  form, the  complete  set of solutions to the following sys tem of 

equat ions:  
x + y + z + w = 2 
x + 2y + 3z + 4w = 6 
x - z - 2w -- 2 

(b) Let  A and  B .be any n × n matr ices  (with real entries).  For each of the following 
s t a t e m e n t s  e i ther  prove it (using ( i , j ) -en t r ies  and  jus t i fy ing  each step in your  
a rgumen t )  or give a 2 x 2 counterexample:  

(i) (A + B ) C  = A C  + B C ,  

(ii) (A  + B)  ~ = A s + 2 A S  + B ~ 

(a) Let  f : A > B be a function. Give the definition of each of the foI]owing: 
(i) f is injective, (ii) f is surjective, (iii) f is bijective. 

(b) Let  f : A > B,  9 : B > C b e  functions,  s o g o f  : A > C. For each of the  
following s ta tements ,  ei ther prove it or give a counte rexample :  

(i) if f and  9 inject ive then so is g o f ,  

(ii) if 9 o f is injective,  then  so is f ,  

(iii) if 9 o f is injective,  then  so is 9. 

(c) Prove  t h a t  the  function f : 1% > 1% given by f ( x )  = 3(3x 5 - 10x s + 30x) s - 
10(3x 5 - 10x s + 30x) 3 + 30(3x s - 10x a + 30x) is injective.  

(a) T h e  set A - B  is defined as {x E A : z ~ B}. Use tables  of cases to prove or 

disprove the  following: 

(i) A - ( B u C ) = ( A - B ) A ( A - C ) ,  

(ii) A - ( B - C ) = ( A - B ) U C .  

(b) How is t he  Cartesian product A × B of two sets A and  B defined? For each of 
the  fol lowing s ta tements ,  ei ther  prove it or give a counter-example:  

(i) A x ( B - C )  C ( A x B ) - ( A × C ) ,  

(ii) (A x A) - (B x B) C_ ( A -  B) x ( A -  B). 
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(a) Prove t h a t  if p is a prime and a ~ 0 (rood p), t hen  a p-1 ~ 1 (rood p) (Fermat 's  
Litt le Theorem).  

(b) Find 2579 (mod 59). 

(c) Show t h a t  for any posRive integers a and b, ab(a 1~ - b ~2) is divisible by 210. 

(a) Evalua te  (i) E ~ = o ( - 2 )  ~ ~C~., (ii) , - 1  E :o 
(b) How m a n y  functions f :  {1,2,3} >{1,2,3,4,5} are there? How m a n y  of these  

funct ions are injective? For how many of these funct ions  does the  image consist 
of exac t ly  two elements? 

(c) Let X be the set  of integers between 1 and 999 inclusive. How m a n y  numbers in 
X have at  least one digit  9 in them? How m a n y  numbers  in X are divisible by 
at least one of 2,3 and 57 

[Answers may be left i~ terms of binomial coe]~cien~s, powers, etc.] 

(a) ~vVhat conditions must a subset H of a group C satisfy to be a suSgroup? Deter- 

mine which of the following sets H are subgroups of GL2(R) (the group of 2 x 2 
invertible real matrices under multiplication). Ju.stify your answers. 

(i) H = { A  E G" A T =  A } ,  (ii) H = {A E G :  A T = A - l } .  

5 1 8 9 3 ' # :  1 4 3 6 7 8 5 9 
I 

Let o- = 2 6 7 4 

be two elements of S 9. 

(i) Express cr as a product of disjoint cycles and also as a product of transpositions. 
Is cr E Ag? 

(ii) Find #~r# -i as a product of disjoint cycles. What is its order? 
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