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Question 1

Let v(s) be a unit-speed space curve and suppose that the curvature x(s) > 0 for all s. Let

t(s) =9(s), n(s)= %, b(s) = t(s) x n(s).

The Frenet-Serret equations satisfied by the moving frame (t(s),n(s), b(s)) are
t=xn, n=—kt+7b, b= —7n,
where k(s) and 7(s) are the curvature and torsion respectively.
(a) Express the third derivative of y(s) in terms of the moving frame
Y (s) = a1(s)t(s) + az(s)n(s) + as(s)b(s).

Find expressions for the scalar-valued functions a;(s), as(s),as(s) in terms of the cur-
vature k(s), torsion 7(s) and A. 8]

(b) Using the expression for ¥ derived in (b), show that

A (A x ) =Tk,

[5]
(c) Show that o
A (A xY)=—kt-b.
[4]
(d) Suppose that there exists a non-zero constant vector m € R? such that m - 4(s) = 0
for all s. Show that the torsion 7(s) of the curve is zero for all s. 8]

SEE NEXT PAGE
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Question 2

Let M be a surface with regular coordinate chart (x,U), U C R?. Take the unit normal at
each point to be

n(u,v) = Xu X Xy (u,v) € U.

[0 X X, | ,

Assume that x, - x, = 0 at all points on the surface.

(a)

Expressing the derivative of n(u,v) as

n, = —anXy, — 012X, — a3l

n, = —021Xy, — 022Xy — G231
Explain why a3 = as3 = 0 and find expressions for ay1, aq2, a1, ass in terms of

F=x,x,, G=%x,-%X,, L=n-x4,,, M=n-x,,, N=n-x,.

8]
Let vy(t) = x(u(t),v(t)) be a regular curve in the surface passing through a point p.
Show that second derivative of the curve at the point p satisfies
. o ~(u(t)
n-«= HP(W7W) ) W(t) T (’U(t)) )
where IT,(w,w) = 4*L + 2a0M + 9*N. (6]
. . aipr a9
How are the eigenvalues of the matrix ( ) related to curvature?
Q21 Q22 2]
Define what it means for a point p € M to be umbilic, and relate this property to the
eigenvalues of A. 2]
Suppose p is an umbilic point, and let v(t) = x(u(t),v(¢)) be a curve passing through
p. Show that the normal curvature at p can be expressed in the form
1
Kop = E—Qn'ﬁ/, with ¢ =V Eu? 4+ Go?.
[7]

SEE NEXT PAGE



MS303/5/AS07 4

Question 3

Let M be a ruled surface in R3. Ruled surfaces can be expressed in terms of a single
coordinate chart (x,U) with
x(11,0) = (1) + v (u).

where «(u) and d(u) are given space curves, and
U={(u,v) €R? : 0<u<oo, veER}.
(a) State conditions on «(u) and (u) for the coordinate chart to be regular. [5]
(b) State a formula for the Gaussian curvature in terms of E, F, G and L, M, N where
F=x,x,, F=x,%x,, G=x,%X,, L=n-x,,, M=nx,, N=n-x,,
where n is the unit normal vector. [4]
(c) Suppose that v(u) is a unit speed curve, d(u) has unit length,
A(t)-8(t) =0 and A(t)-8(t)=0.
Determine expressions for the coefficients F, F' and G. 8]

(d) Prove that the Gaussian curvature of a ruled surface with a regular coordinate chart
is less than or equal to zero at every point on the surface. 8]

SEE NEXT PAGE
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Question 4

Consider a torus M in R? with regular coordinate chart (x,U) of the form

x(u,v) = ((R+ rcosu)cosv, (R+rcosu)sinv, rsinu), R>r>0,

U={(u,v) : 0<u<2m, 0<wv<2r}. Consider a curve in M of the form
~(t) = x(u(t),v(t)), telCR,
with (u(t),v(t)) a regular parametrised curve in U.

(a) A basis for the tangent space T, M at each point along the curve is given by {x,,x,}
evaluated on the curve. Give an expression for this basis on the above chart for the
torus. Find an orthonormal basis {&1(t), &2(t)} for the tangent space.

(b) Let

& = a(Béi(t) + ()€ (1) +r(Hn(t) and & = w(t)&(t) + cs(D)€a(t) + va(t)n(t),

where n(t) is the normal vector at each point along the curve. Show that ¢; = ¢3 =0
and ¢o = —w(t) and find an explicit expression for w(t) for a path on the torus. It is
not necessary to find expressions for vy (t) or v5(t).

(c¢) A wvectorfield w(t) along the curve in M can be expressed in the form

w(t) = wi(t)€:1(t) + wa(t)€(1)

where wy(t) and ws(t) are real-valued functions. Give conditions for the vectorfield
w(t) to be parallel.

(d) Find the differential equations that wy(t) and wo(t) must satisfy for a vectorfield w(t)
to be parallel on M.

(e) Suppose 0 < ¢t < 7w and take wy(0) = 1 and wq(0) = 0. Find the coefficients
(w1 (t), wo(t)) for a parallel vectorfield on M along the path u(t) = ug with ug € (0, )
and v(t) = t.
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