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Question 1
Let y(t) be a space curve with x(t) > 0 for all ¢. A space curve ~(t) is called a general
heliz if there exists a constant unit vector m € R? such that m - T(¢) = cosy, where

T(t)

=) /||7(®)||, and ¢ is a constant angle satisfying 0 < ¢ < 7. The vector m is called

the azis of the helix.

(a)

Suppose 7(s) is a unit speed general helix. Show that
m = a;T(s) + a2B(s)

with oy and s independent of s, where {T(s),N(s),B(s)} is a Frenet-Serret frame
for the curve. Express a; and ay as functions of .

Suppose that «(s) is a unit speed general helix. Show that the curvature and torsion
satisfy
7(s)

——~ = constant Vs,

K(s)

and determine an expression for the constant in terms of .

Let «(s) be a unit speed curve with its curvature and torsion satisfying 7(s) = ck(s)
for some positive constant c¢. Prove that it is a general helix: show that there exists a
unit vector m € R? with

m - (s) = f(c),
where f(c) is some function of ¢ only. Determine the function f(c) and show that it
satisfies 0 < f(c) < 1.

Let ~(t) be a space curve of the form
v(t) = B(t) +a(t)m,

where B(t) is a space curve satisfying m - B(t) = 0 and ||3(t)|| = 1 for all £, m is a
constant unit vector, and a(t) is a scalar-valued function. Determine the most general
form for a(t) so that ~(t) is a general helix, with axis m.
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Question 2
Consider the surface S in R? defined by the graph of the function

1 1
h(u,v) = u* + uv + 5212 — Eu?’.

This surface has a global coordinate chart (U, x) with U = R? and x(u,v) = (u,v, h(u,v)).
(a) Show that this coordinate chart is regular for all (u,v) € U. [5]
(b) State a formula for the Gaussian curvature in terms of E, F, G and L, M, N where

E = Xy * Xy s F:Xu'xva G:XU'Xva

L = N-x,,, M=N-x,, N=N-x,,

and N is the unit normal vector. Show that the Gaussian curvature associated with a
chart of the form x(u,v) = (u,v, h(u,v)) is

huuhvv - h?w
(1+h2+4hn2)2

[12]
(c¢) Find all points in (u,v) space where the surface is parabolic: i.e. the points where the
Gaussian curvature vanishes. 8]
Question 3
Let (U,x) be a regular coordinate chart for a surface S C R3. Let
~(t) =xow(t) :=x(wy(t),ws(t)), a<t<f,
be a curve in S with w(t) a curve in U.
(a) What property does 4(t) have to satisfy for v(t) to be a geodesic curve in S? [4]
(b) Prove that geodesic curves have constant speed. [7]
(c) Define the geodesic curvature kg, of a curve in S. [5]
(d) Prove that a curve «(t) in S is a geodesic curve if and only if (¢) has constant speed
and the geodesic curvature is zero. (Hint: express 4(t) in terms of a surface-fitted
orthonormal frame.) [9]

SEE NEXT PAGE
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Question 4
Let f(z,y) be a smooth real-valued function satisfying ||V f|| # 0, and suppose that the set
{(z,y) : f(xz,y) =0} defines a curve in the (z,y)—plane.

(a)
(b)

Write down the formula for the curvature of a plane parametrised curve (z(t), y(t)).

Assume that the curve satisfying f(z(t),y(t)) = 0 is parametrised by a solution of the
differential equations

i=—f, and §=Ff,.

Prove that the curvature at any point on the curve can be expressed purely in terms
of f and its derivatives by

fa:x fa:y fx

1
=———d e fuw fy |- 1
S| e e .

where [[Vf|| = \/f2 + f}.
Suppose the parametrisation is defined by the solution of the differential equation
&= —h(t)f, and y=h(t) fs,

where h(t) is any nonzero function. Prove that the formula (1) for  is independent of
the choice of h(t).

Compare the curve described in (b) with the curve in (¢). What is the significance of
the function h(t) in part (c) ?

INTERNAL EXAMINER: T.J. Bridges
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