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Question 1

A company makes three different lamps: types A,B and C.

Type A is made from 1 kg of metal and 3 kg of glass.
Type B is made from 1 kg of metal, 1 kg of glass and 2 kg of plastic.
Type C is made from 1 kg of metal and 1 kg of plastic.

The company makes a profit of £4, £5 and £3 respectively on each type A, type B and
type C lamp that is sold.

For the next month’s production there is at most 550 kg of metal, 300 kg of glass and 650
kg of plastic available. The company wants to maximize the profit it can get by making and
selling x1 type A, x2 type B and x3 type C lamps.

(a) Formulate the above information as a linear programming problem. [5]

(b) Use the simplex algorithm to find the optimal production plan. [10]

(c) Write down the matrices B and B−1 and the vector b such that the optimal numbers
of lamps are given by the entries of B−1b. [4]

(d) Write down a vector c such that the maximum profit is ctB−1b. Verify that this
expression is equal to the value that you found in part (b). [4]

(e) Suppose the profit on a type B lamp changes from £5 to £p.

Find the set of values of p for which the numbers of lamps found in part (b) are still
optimal, and express the new maximum profit in terms of p. [7]

SEE NEXT PAGE
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Question 2

(a) Consider the following primal-dual pair of linear programming problems:

Primal: Maximize ctx subject to Ax ≤ b and x ≥ 0,
Dual: Minimize bty subject to Aty ≥ c and y ≥ 0.

Suppose x0 and y0 are feasible solutions of the primal and dual problems respectively.

Prove that if x0
t(Aty0 − c) = y0

t(b − Ax0) = 0 then x0 and y0 are the optimal solu-
tions of the primal and dual problems respectively. You may assume the weak duality
theorem and its corollaries. [6]

(b) Consider the following linear programming problem:

Minimize w = 6y1 + 8y2 + y3 + 2y4

subject to

{
y1 + 2y2 − y3 ≥ 3

2y1 + y2 + y3 + y4 ≥ 2

and yj ≥ 0 for j = 1, 2, 3, 4.

(i) Write down the dual of this problem. [4]

(ii) Solve the dual problem by a graphical method. [8]

(iii) Hence, without using the simplex algorithm, find the optimal solution of the given
minimization problem. Give the minimum value of w and the corresponding
values of y1, y2, y3 and y4. [7]

(iv) Suppose the second constraint is changed to 2y1 + y2 + y3 + y4 ≥ k, where k < 2.
Find the smallest value of k for which 2y1 + y2 + y3 + y4 = k at the optimal
solution. [5]

SEE NEXT PAGE
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Question 3

(a) Three factories F1, F2 and F3 supply four supermarkets S1, S2, S3 and S4 with tea.
F1, F2 and F3 produce 8, 10, and 9 lorry-loads of tea per day respectively. S1, S2, S3

and S4 order 6, 5, 8, and 8 lorry-loads of tea per day respectively. The transportation
costs (in pounds per lorry-load) are given in the following table, so for example it costs
£7 to transport a lorry-load from F2 to S2.

S1 S2 S3 S4

F1 6 4 5 6
F2 3 7 2 1
F3 5 6 3 4

(i) Determine the minimum cost delivery plan, and find its cost. [10]

(ii) Because of an industrial dispute, F3 will not supply S1. Starting from your optimal
solution to (i), find the new minimum cost. [6]

(b) A company’s output, using non-negative quantities x, y and z of three inputs, is given
by P (x, y, z) = 25(xyz)1/5. This is to be maximized subject to the budget constraints
2x + y = 96 and y + 2z = 96.

(i) Use the Lagrange Sufficiency Theorem to show that the maximum occurs when
x = y = z = 32. You may assume that P is a concave function on R3

+. [10]

(ii) Use sensitivity analysis to estimate the new maximum output if the right-hand
side of both constraints is increased from 96 to 100. [4]

Question 4

(a) Let f be a real-valued function defined on a convex open set S ⊂ Rn.

(i) Define what it means for f to be a convex function on S. [3]

(ii) Prove that if f is convex on S and x∗ ∈ S is a local minimizer of f, then x∗

minimizes f globally over S. [9]

(iii) If f is convex on S, state a condition which must be satisfied by the Hessian matrix
of f. [2]

(b) Let f(x, y, z) = x3 + 3y2 + 2z2 − 2xy − 2xz − 4y.

(i) Show that f is a strictly convex function on the set

S =

{
(x, y, z) ∈ R3 : x >

5

18

}
. [8]

(ii) Find, with justification, the minimum value of f(x, y, z) over S. [8]
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