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Question 1

A garden centre produces three types of fertiliser. There are 80 tons of nitrate and 90 tons
of phosphate available.
To make 1000 bags of Regular Lawn fertiliser, 4 tons of nitrate and 2 tons of phosphate are
needed.
To make 1000 bags of Super Lawn fertiliser, 4 tons of nitrate and 3 tons of phosphate are
needed.
To make 1000 bags of Garden fertiliser, 2 tons of nitrate and 3 tons of phosphate are needed.

The profit, per 1000 bags of fertiliser, is £300 for Regular Lawn, £500 for Super Lawn and
£400 for Garden. The total profit is to be maximized.

(a) Express this problem in linear programming form, stating what each of your variables
represents. [4]

(b) Explain why it is not possible to find a basic feasible solution in which all three types
of fertiliser are made. [3]

(c) Find the optimal production plan and state the maximum profit. [10]

The garden centre now decides to produce a fourth type of fertiliser, called Easy Grow. The
available resources are unchanged.
To make 1000 bags of Easy Grow, 3 tons of nitrate and 2 tons of phosphate are needed. The
profit per 1000 bags of Easy Grow is £100k.

(d) Find the largest value of k for which the solution in part (c) is still valid. [7]

(e) If k = 4, find the new optimal production plan and profit. [6]
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Question 2

(a) Let x and y be two points in Rn. State the name for an expression of the form
(1− r)x+ ry where 0 ≤ r ≤ 1. Give a geometrical interpretation of such an expression
in R2. [4]

(b) Let x1 and x2 be two feasible solutions of the linear programming problem

Maximize z = ctx subject to Ax ≤ b and x ≥ 0

where A is an m× n real matrix, b ∈ Rm and c,x ∈ Rn.

Let L = {(1− r)x1 + rx2 : 0 ≤ r ≤ 1}.
Show that all points in L are feasible for the problem. [8]

(c) Either by using the dual simplex algorithm or by solving the dual problem graphically,
solve the linear programming problem

Minimize 2x1 + 3x2 + 8x3

subject to

{ −x1 + 2x2 + 6x3 ≥ −4
x1 + 3x2 − 5x3 ≥ 9

and x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

Give the minimum value of z and the values of all main and surplus variables at the
optimal point. [14]

(d) State the dual of the following linear programming problem:
Maximize z = ctx subject to Ax ≤ b, where the components of x are unrestricted in
sign. [4]

SEE NEXT PAGE
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Question 3

(a) F1, F2 and F3 are three factories, and D1, . . . , D5 are five destinations. The supplies of
a commodity available at F1, F2 and F3 are 100, 160 and 140 units respectively. The
quantities required at D1, D2, D3, D4, D5 are 90, 60, 80, 100 and 70 units respectively.

The delivery costs per unit between the factories and destinations, in £, are as follows:

D1 D2 D3 D4 D5

F1 9 3 6 7 4
F2 7 5 2 10 6
F3 5 4 9 8 10

The total delivery cost is to be minimized.

(i) Use the least-cost method to construct an initial basic feasible solution for this
transportation problem. [3]

(ii) Starting from this initial solution, find the cheapest delivery plan. State the
minimum cost. [11]

(iii) The cost of transporting one unit from F2 to D3 is increased by £a. Find the
largest value of a for which the previous solution remains optimal. [4]

(b) (i) Define what is meant by a concave function from Rn to R. [2]

(ii) Let f(x, y) = x3 + 3xy2. Find the largest subset of R2 on which f is concave. [6]

(iii) Let g(x) = btx + c, where b is a constant vector in Rn and c is a real constant.

Show that g is a concave function for all x ∈ Rn. [4]

Question 4

(a) State (but do not prove) the Lagrange Sufficiency Theorem for constrained minimiza-
tion problems. [3]

(b) Use the method of Lagrange multipliers to solve the following problem:

Minimize x1 + x2 + x3

subject to

{
x1

2 + x2 = 3
x1 + 3x2 + 2x3 = 7.

Give a clear justification that the answer you find is a minimum. [12]

(c) Let q(x) = xtAx, where A is an n×n real symmetric matrix and x is a variable vector
in Rn. State how the maximum value of q(x) subject to the constraint xtx = 1 can be
found from the matrix A, and prove this result. [8]

(d) Use the result in (c) to determine the maximum value of x2 + 8xy + 7y2 subject to the
constraint x2 + y2 = 1. Find values of x and y at which the minimum occurs. [7]
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