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Question 1

(a) Let f : A → R and x0 ∈ A. State and prove the property that relates lim
x→x0

f(x) with

lim
x→x+

0

f(x) and lim
x→x−0

f(x).
[5]

(b) Let f be a function defined on an open interval I, and c ∈ I. Prove that, if f is
continuous at c and f(c) > 0, then there is an open interval J ⊂ I such that c ∈ J and
f(x) > 0, for any x ∈ J . [6]

(c) Given that f and g are continuous functions from R to R and that f(x) = g(x) for
every rational number x, prove that f = g. [6]

(d) State Taylor’s theorem. [4]

(e) Determine the second order Taylor polynomial of
√

x2 + 1 about x = −1. [4]

Question 2

(a) State L’Hôpital’s Rule. [3]

(b) Let f : R → R be defined by

f(x) =

{
x2 if x ∈ Q,

0 if x ∈ R \Q.

Show that f is differentiable at x = 0 and find f ′(0). [5]

(c) Let f be as in part (b) and g be given by g(x) = sin x. Show that

lim
x→0

f(x)

g(x)
= 0.

[4]

(d) State the Intermediate Value Theorem. [3]

(e) Suppose that a1 + a2 + ... + an = 2. Show that there is some c ∈ (0, 1) such that
a1c + a2c

2 + ... + anc
n = 1. [5]

(f) Suppose that f is continuous on the closed interval [a, b], and differentiable on the open
interval (a, b) and that f ′(x) = 0 for all x ∈ (a, b). Prove that f is constant on [a, b]. [5]
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Question 3

(a) State the Mean Value Theorem for integrals. [3]

(b) Let I = [a, b] and let f, g be continuous functions on I and such that∫ b

a

f =

∫ b

a

g.

Prove that there is a c ∈ I such that f(c) = g(c). [4]

(c) Prove that, if f is monotonically increasing on [a, b] then f is Riemann integrable on
[a, b]. [5]

(d) Let f be a twice differentiable function on an interval I. Show that if f ′′(x) > 0 for all
x ∈ I, then f ′ is strictly increasing. [5]

(e) Suppose that f is defined on an open interval S and that f is twice differentiable with
f ′′(x) < 0 for every x ∈ S. Suppose that a, b ∈ S and that a < b. Let

g(x) = f(x)− f(a)−
(

f(b)− f(a)

b− a

)
(x− a)

for all x ∈ [a, b].

(i) State Rolle’s Theorem.

(ii) Prove that there exists a number c ∈ (a, b) such that g′(c) = 0.

(iii) Prove that the function g′ is strictly decreasing on the interval [a, b].

(iv) Prove that g(x) > 0 for all x ∈ (a, b).
[8]
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Question 4

(a) State the Fundamental Theorem of Calculus. [3]

(b) Let I = [0, 1] and let f : I → R be continuous. Suppose that∫ x

0

f =

∫ 1

x

f

for all x ∈ I. Prove that f(x) = 0 for all x ∈ I. [5]

(c) Let I = [a, b] and let f, g, h be bounded functions on I to R. Suppose that

f(x) ≤ g(x) ≤ h(x)

for all x ∈ I. Show that if f and h are integrable on I and if∫ b

a

f =

∫ b

a

h,

then g is also integrable on I and ∫ b

a

f =

∫ b

a

g.

[6]

(d) Use the Mean Value Theorem to prove that | sin x− sin y| ≤ |x− y| for all x, y ∈ R. [5]

(e) What does it mean to say that lim
x→∞

f(x) = L?
[2]

(f) Show that, if f : (a,∞) → R is such that lim
x→∞

xf(x) = L where L ∈ R, then

lim
x→∞

f(x) = 0.
[4]
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