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Question 1

(a) Find the general solution of

U = Ugy, O<x<dl, t>0
uw(0,t) = 0 = wu,(l,t), t>0.
Briefly describe its limit as t — oo.

(b) (i) State the definition of pointwise and uniform convergence for a series of functions,
> | falx) converging to f(z), on an interval [0, £].

(ii) Consider a function f(x) that is 2¢ periodic, where both f(x) and f’(x) are piece-
wise continuous and which has exactly one jump discontinuity on each interval
of length 2¢. What is the limit of the Fourier series of f7? Does it converge to its
limit uniformly, pointwise, or neither?

(c) Show that the equation
2y — gy — 4uy, =0, (z,y) € R?

is hyperbolic and find its general solution.

SEE NEXT PAGE
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Question 2
(a) Compute the Fourier cosine series of the function

0 if0<x<?2
f@y_{z if2<z<3

on the interval (0, 3). [7]
(b) Suppose that both u; and uy are solutions to

Au = g reD
u = h x € 0D

where g and h are given continuous functions, and D is a smooth domain in R2. Prove
that u; = us. [7]

(c) Consider the equation

Uy = Uy + auy, + bu, reR, t>0

u(z,0) = wup(x),

where ug(z) is a given continuous and rapidly decaying function and a and b are fixed
constants. Use the Fourier transform to find an expression for the solution of this
equation in terms of the initial data ug(x). Note: you do not need to evaluate the
inverse Fourier transform that appears in the solution you get. [7]

(d) Recall that the solution to the heat equation

Uy = Ugg, .TER, t>0
u(z,0) = wup(zx)

is given by

1 O @w?
u(x,t):\/rm e a wug(y)dy.

Prove that, if |up(z)| < M for all x € R for some constant M, then there exists a
constant K such that
lu(z,t)| < K

for all z € R and ¢t > 0. [4]

SEE NEXT PAGE
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Question 3
(a) Construct the general bounded solution of Au = 0 on the exterior disk D given by
D={(r6):0<60<2m, r>a}.

Note that the Laplacian in polar coordinates is given by

1
Au = Upr + —Up + —Ugp.
r r
[15]
(b) Suppose that u is a solution of

Uy = Ugy, O<z</lt>0
u(0,t) = 0 = u(l,t), t>0
u(z,0) = g(x), 0<x<{,

where g(x) > 0 for all z € [0,€]. Prove that u(z,t) = 0 for all £ > 0 and all z € (0,£).  [g]

(c) Consider the following four figures, each containing a solution at time ¢ = 0 (dotted
curve) and t = 1 (solid curve).

(i) For each figure, state whether the solution could correspond to a solution of the
heat equation. Justify your answer.

(ii) For each figure, state whether the solution could correspond to a solution of the
wave equation. Justify your answer.
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Question 4

(a)

(b)

(i) Find the general solution of
(x +1Duy +3u, =0 (1)

and plot the characteristics.
(ii) Find the solution of (1) that satisfies u(z,0) = sin(z + 1).

(iii) Can you prescribe values for u(x,y) arbitrarily along the curve I, written below?
Justify your answer.

P={(z,y):e=y"-1}

Consider the function g(x) = (1 — ) on the interval [0, 1]. Describe the convergence
of its Fourier sine and cosine series on (0,1). Which would have better convergence
properties on [0, 1] and why? (Note: you do not need to compute the Fourier sine or
cosine series for g.)

Suppose that u(x,y) satisfies Au = 0 inside the disk 2% + y* < 1 in R?, that u is
continuous in 22 + 3? < 1, and that on the boundary 2% + 3% = 1

u(z,y) =1+ 2y.
Calculate u(0,0).

Prove that, if u(z,t) is a solution to the heat equation with Dirichlet boundary condi-
tions:

Uy = Ugy, O<xz<dt, t>0
uw(0,t) = 0 = u(l,t), t>0,

then the energy

is decreasing for all ¢ > 0.

INTERNAL EXAMINER: M. Beck
EXTERNAL EXAMINER: D. Chillingworth



