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Question 1
(a) State the mean-value property and the maximum principle for harmonic functions. [4]
(b) Suppose that u; and ug satisfy

Au; =0 forx € D

for 7 = 1,2 with
U1|8D = g1, U2|8D = g2

where ¢ and gy are given continuous functions with g;(z) < go(z) for all z, and D is
a smooth domain in R2. Prove that

max s () — ()| < max [g1 () — (). Q
(c) Construct the general solution of Au = 0 on the half disk D given by
D ={(z,y) = (rcosp,rsing); 0 <p <m 0<r<1}

with boundary conditions as indicated here:

-1 u=0 0 u=0 1
Note that the Laplace operator in polar coordinates is given by

A=y, + = 4 222, [15]
T
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Question 2

(a) (i) Calculate the Fourier series of the function

0 0<z<l1
f(l“)_{z 1<z<?2

extended with period 2 to the real line. (5]
(ii) What can you say about the convergence of the Fourier series, and its limit? [2]
(iii) Plot the function f(z) together with its even and odd extensions on the interval

[—4,4]. 3]

(b) Prove that the sequence f,(x) := ™ converges uniformly to f(z) = 0 on the interval
[—3,3] as n — oo. [4]

(c¢) Use Fourier transform to find an expression for the solution of

U = —Upgwr reR, t>0
u(z,0) = wup(z)

where ug is a given continuous and rapidly decaying function. You do mot need to
explicitly compute the inverse Fourier transform of the solution you get. [7]

(d) The solution to the heat equation

U = Ugg, .Z’ER, t>0
u(z,0) = wup(z)

is given by . ,
et == [ e (‘(4—;”) woly) dy.
For the initial condition
wo={ 5 5
prove that
w(z,t) >0 VreR, Vt>0. [4]

SEE NEXT PAGE
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Question 3
(a) (i) Find the general solution of
du, + 3yu, =0, (z,y) € R?

and plot the characteristics.
(ii) Find the solution of (1) that satisfies u(4/3,y) = v.

(iii) Can you prescribe values for u(z,y) arbitrarily along the circle
[ ={(z,y); ¥* + y* = 1}? Justify your answer.

(b) Show that the equation
QU — Mgy — Sty = 0, (z,t) € R?
is hyperbolic and find its general solution.
(c¢) Find the general solution of the equation

Uy + Uy = U, (z,y) € R%
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Question 4

(a) Find the general solution of

U = Ugy — U, 0<x</,

u(0,8) = 0 = wu,(4,1), t> 0.

What is the limit of the general solution as t — co?

(b) Use the energy method to show that u(x,t) = 0 is the only solution to

U = Ugy — U, 0<z<l,
u(0,t) = 0
u(l,t) =
u(z,0) = 0.

(¢) Which of the graphs indicated below can correspond to a solution to the heat equation?

t>0

t>0

(Multiple ”yes” answers are possible; justify your answers):

INTERNAL EXAMINER: B. Sandstede
EXTERNAL EXAMINER: P. Glendinning
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