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Question 1

(a) Let zg, tp € R and let f : R? — R. Consider the IVP

Z—f = f(z,t), xz(to) = xo.

(i) State an existence and uniqueness theorem for this IVP.
(ii) Give an example of a function f that does not satisfy the conditions of the exis-

tence and uniqueness theorem and has non-unique solutions. Give two solutions
of the initial value problem to illustrate the non-uniqueness.

(b) Consider the ODE
dx

dt
where k£ > 0 is a non-negative real constant. The phase portrait will change if k£ varies.

= (z = 1)*(z +2)(z — k),

(i) Find all possible types of phase portraits by varying k& > 0 and give the range
of k-values for which each type of phase portrait occurs. (Partial marks can be
obtained for deriving the phase portrait for k = 3.)

(ii) Take k = 3. Which solutions have the property that x(t) — 1 for t — oo?
(iii) Take k& = 3. Which solutions are bounded for all time?

(iv) Take k = 3. Describe the asymptotic behaviour (|t| — oo and/or |z| — o0) of
the solution z(¢) which satisfies z(5) = —3.

(c) Consider the ODE
dx
a - f(SC) )
with f: R — R a function which satisfies the conditions of the Existence and Unique-
ness Theorem. Let zy be such that f(z9) = 0. Let z(¢) be a solution for ¢t € I with
I an open interval in R. Show that if for some ¢y € I, it holds that x(ty) > x¢, then
x(t) > xo for all t € I.

SEE NEXT PAGE
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Question 2

(a) Let x1(t),...,zx(t) be real functions (i.e. x; : R — R). Define what it means to say
that the functions x(t), ..., xx(t) are linearly independent. 3]

(b) Let xy, 23 : R — R be differentiable functions. Give the definition of the Wronskian of
z1 and zs. 3]

(c) Consider the ODE

d?x dz

ax(t) T (0) + a(®) G ) + an(t) (t) =

with ag, a1, ap continuous functions on R, ay(t) # 0. Let z1(t) and z2(t) be solutions
of the ODE and let t; € R. Show that z; and x5 are linearly independent if and only
if the Wronskian W (ty) # 0.

You may use the Existence and Uniqueness Theorem without giving a proof. [7]

(d) Consider the ODE

& d
20 LAt —1) S+ (6— 8t +3t2) x = 0.

dt? dt
(i) Show that z(t) = t?> e~ is a solution of this ODE for ¢ > 0. 3]
(ii) Using the method of variation of parameters, find a solution of this ODE that is
linearly independent of (). [6]
(iii) Give the general solution of this ODE. [3]

SEE NEXT PAGE
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Question 3

(a) Consider the nonlinear system x = f(x) where f : R — R"™ is a continuously differ-
entiable function. If xq is an equilibrium of the nonlinear system, what does it mean
to say that

(i) xo is linearly stable;

(ii) xo is nonlinearly stable?

(b) Consider the system

T o=y
) = —xv—2°
2 = —asinz+y

(i) Show that this system has an equilibrium at the origin.

(ii) Find values a, b, such that V(x,y, 2) = a 2?4+ by*+ 2z* is a Lyapunov function for
the equilibrium at the origin.

(iii) From this Lyapunov function, can you conclude that the origin is stable or asymp-
totically stable? Explain your answer.

(c) Let A € R**? be a real matrix with eigenvalues \; and \y. The eigenvector for the

O) and the eigenvector for Ay is vy = <_1).

eigenvalue Ay is vi = (1 1

(i) If Ay = —1 and Ay = 2, sketch the phase portrait of the ODE x = Ax.

(ii) Let B € R?*2 be a constant coefficient real matrix with same eigenvectors as A.
The eigenvalues of B are denoted by o; and o0,. Define the matrix C' to be
C = AB, hence C has eigenvalues \jo; and Ay05. Suppose that both the ODEs
x = Ax and y = By have a saddle point at the origin.

Consider the ODE z = ('z. What different types of fixed point can the origin of
this ODE be? Justify your answer. Sketch the different types of phase portraits
this system has.

SEE NEXT PAGE
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Question 4

(a) Let A € R**2 be a constant coefficient real matrix with a double eigenvalue A and only

one eigenvector vj.

(i) Give the definition of a generalised eigenvector of A.

(ii) Show that the general solution of the ODE % = Ax is of the form
x(t) = (c1 vy + ¢ (Vo + (A — M) vy)) e,

and explain what criteria v, should satisfy.

(b) Consider the ODE x = Ax, with

3 0 0
A=-2 1 -2
7T 2 =3

Find the general solution of this ODE.
(c) Consider the system
T = y—zv—1
) = x—a?

(i) Calculate the equilibria of this system and determine their stability.

(ii) Sketch local phase portraits for each equilibrium.

INTERNAL EXAMINER: G. Derks
EXTERNAL EXAMINER: D. Chillingworth

EORED



