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Question 1
(a) State the mean value property for harmonic functions.
(b) Let D be a disk in R%. Suppose that u; and u, satisfy
Auj=u; forxeD

for 7 = 1,2 subject to
uilap = uslop = g,

where ¢ is a given continuous function.

(i) Show that w = u; — us is zero on dD and write down the PDE satisfied by w.

(ii) By multiplying this PDE by w and integrating over D, prove that w must be
identically zero in D. The identity

/wAwdxdy:—/ |Vw|? dx dy
D D

may be used without proof.

(iii) How do parts (b)(i) and (b)(ii) prove that the solution to Au = u in D subject
to u = g on 0D is unique?

(c) Consider Au = 0 on the rectangle R given by
R={(z,y): 0<z<2, 0<y<l1}

with boundary conditions as indicated here:

Y
u(2,1) =0
1 none /
u=20 none
u=20 2 x

(i) By separating the variables, show that the general solution is of the form

u(z,y) = Z A, sinh(nmx) sin(nmy) + B, sinh (%) sin (?) :
n=1

where the A, and B, are constants. (You may assume that the Laplace operator
in cartesian coordinates is given by Au = g, + y,.)

(ii) Suppose we also wish to impose the boundary condition u(z, 1) = h(z), where h
is a given continuous function satisfying h(0) = h(2) = 0. Derive a formula for
the B,, in terms of h.

[12]
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Question 2

(a) (i) Compute the Fourier series of the function

3 if —1<x<0
f(x)_{o ifo<z<1

extended with period 2 to the real line. [5]

(ii) What can you say about the convergence of the Fourier series? What is its limit?
[4]

(b) Recall that the Fourier transform of a rapidly decaying function f is given by

fo) = —= [ " f@)e ™ da,

Prove that the Fourier transform of the function fy(x) := f(x + bt) satisfies

Fulk) = €™ (k)
where b and t are constants. [4]
(c¢) Show that the Fourier transform of the solution of
U = Ugy + buy r€e€R, t>0 (1)
w(@,0) = wuo(x),

where ug is a given continuous and rapidly decaying function and b is a constant,
satisfies

. kbt k2t

a(k,t) = e®e iy (k).

You may use without proof the fact that

T
oo (k) = (k) f (k)
for any positive integer j. (5]
(d) Suppose v solves the heat equation
Uy = Vg T e R, t>0
v(z,0) = wup(x).

What equation is satisfied by the Fourier transform o(k,t) of v? [2]

(e) Now assume that the solution v to the equation in part (d) is given by

2

1 +oo _(z—y)
U(:lc,t):\/R e 1 up(y)dy.

Using this and your answers to parts (b),(c) and (d) above, or otherwise, write down
a formula for the solution u of equation (1). [5]
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Question 3

(a) (i) Find the general solution of
uy, + (cos )*u, = 0 (2)

and plot the characteristics.
(ii) Find a solution of (2) that satisfies u(z,1) = (1 — tanz)® for 0 < z < .
(iii) Does data prescribed on the line {(5,y) : y > 0} determine a solution of (2)?
Justify your answer.

(b) Consider the equation
3Umm — Ugt — 2utt = 0. (3)

(i) Let & = x+at and n = x +bt. Use the chain rule to write (3) in terms of € and 7.
(ii) Choose the constants a and b so that the transformed PDE is

Pu

ogon

(iii) Hence show that the general solution to (3) is

u(z,t) = F(2x — 3t) + G(z + 1).

(c) Let u solve the transport equation
cuy +uy=0 z€R, £t >0

subject to u(x,0) = ug(z), where ug is a given differentiable function defined on R.

(i) Assuming c is constant, find a solution to this problem.

(ii) Now assume that ¢ is a function of time ¢(t) = k(t) for some smooth function
k. Find the characteristics of the transport equation under these assumptions.
Hence write down the general solution.

2]

[4]
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Question 4

(a) Using separation of variables, show that the general solution of

U = Uge +U O<z<m t>0
ur(0,t) = wuy(mt)=0 t>0

18

u(x,t) = Age’ + Z Ane ) cos(na),
n=1

where the A, are constants.

If u(0,¢) is to remain bounded for all time, what value should A, take?

(b) Let u be a solution of the following problem:

Uy = Ugg, O<x<1,t>0
1
u(0,t) = ZtQ, t>0
1
u(l,t) = th, t>0

u(z,0) = 4dz(l—2), 0<z<I1.
For each T'> 0, let Q(T) ={(z,t): 0<x <1, 0<t<T}.
(i) State the weak maximum principle for solutions of the heat equation subject to

the boundary conditions above.

(ii) Using your answer to (b)(i), show that there is at most one solution to this PDE
problem.

(iii)) What is the maximum and minimum value of u over the set €(2), and where in
the set do they occur?

(c) Consider the three figures overleaf, each containing a solution at time ¢ = 0 (solid
curve) and ¢ = 1 (dotted curve).

(i) For each figure, state whether the solution could correspond to a solution of the
wave equation subject to the initial condition w;(z,0) = 0 for = € R. Justify your
answer.

(ii) Could any of the three figures represent a solution to the heat equation? Justify
your answer.

INTERNAL EXAMINER: J. Bevan
EXTERNAL EXAMINER: D. Chillingworth
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Figure 1: Figures for use in Question 4 (c).

INTERNAL EXAMINER: J. Bevan
EXTERNAL EXAMINER: D. Chillingworth



