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Answer THREE questions. 
 
A formula sheet and table of physical constants is attached to this paper. 
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1 (a) Find the eigenvalues and eigenfunctions of the following matrix, 

assuming thatα andβ are real variables: 









−

=
αβ
βα

A . 

 

 
   [3] 

 (b) Construct the matrix S so that its rows will be the eigenfunctions 
of the matrix A and prove that 1=TSS . 
 

  
 

  [2] 
 

  
(c) Show by explicit calculations that 









−

==
ε

ε
0

0
' TSASA , 

where ε± are the eigenvalues.  
   

 
  
 
 
 

 [3] 

 (d)  Provide a “physical’’ argument why you would have expected a 
diagonal form like the above for this matrix.   

 
[2] 

 
 
 
 
 
 
2 (a)  For a one-dimensional harmonic oscillator with the Hamiltonian 

22
2

2
1

2
xm

m
pH ω+= , find the matrix representation for a , †a , x , 

and p in the basis of the eigenstates n  defined via 

11† ++= nnna and 1−= nnna .   

 Reminder: ) (
2

1 pixm
m

a += ω
ωh

. 

 

 
 
 
 
 

[4] 

 (b) Confirm that the matrix representation for †a is the adjoint of a . 
Are the matrix representations of x  and p Hermitian, and if so, 
why?  

     

    

   [1] 

 (c)  By using the representation of the annihilation operator a in 
−x space, and the definition of the ground-state 0)( 0 =xaψ , find 

the normalised ground-state wave function )(0 xψ .    
 

 
 

   [3] 

 (d)  Find the normalised first excited state )(1 xψ  by operating †a  (in 
differential form) on )(0 xψ .     
      

 
[2] 
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3 Suppose that the density operator for a quantum system is defined as 

)()()(ˆ tPtt αα
α

α ψψρ ∑= , 

where Pα  is the probability of the system being in the state )(tαψ .
     

 

 (a)  Show that: 
 
 (i) ,1)ˆ( =ρTr  

  (ii) ),ˆˆ(ˆ KTrK ρ=  

  (iii) the equation of motion satisfies )].(ˆ,ˆ[)(ˆ
tH

t
ti ρρ
=

∂
∂

h  

 

 
 

[2] 
[2] 

 
[4] 

 

 (b)  If the system is in equilibrium and part of a canonical ensemble, 
what is Pα and what is operator form for the density? 

 
[2] 

 
 
 
4 Consider a spin-1/2 system with a spin S

r
and a magnetic moment 

Sµ γ=
rr  interacting with a time-dependent magnetic field 

kBtjtiBtB ˆ)sinˆcosˆ()( 01 ++= ωω
r

. The spin is defined as σrhr

2
=S  in 

terms of the Pauli matrices ,
10

01
,

0
0

,
01
10









−

=






 −
=








= zyx i

i
σσσ  

defined in the up/down basis{ }↓↑ , , and the Hamiltonian of the 

system is defined as BH
rr.µ−= .   

 

 
 

 (a)  Construct the Hamiltonian in the basis{ }↓↑ , , and decompose it 

  into the diagonal part 0H and the non-diagonal part W as  
  )(0 tWHH += .     

 
 
 

[4] 
  

(b)   Defining a general state as ↓+↑= )()()( 21 tatatψ , write down 
  the Schrödinger equation for this system and extract from it two 
  equations for )(1 ta and )(2 ta . Assuming the frequency is set to the 
  resonance 0Bγω = , solve these equations with the initial condition 
  that the spin is up at 0=t .    

 
 
 
 
 
 

[4] 
  

(c)  What is the probability that the spin is up at a given time t ? 
 

[2] 
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5 The quantum mechanical propagator, G , relates the wave function at 

any given position and time to the wave function in a prior time and 
other points in space via 

3
2 2 1 2 2 1 1 1 1( , ) d  ( , ; , ) ( , )r t r G r t r t r tψ ψ= ∫r r r r r . 

 

 

 
(a) Using the Schrödinger equation )(ˆ)( tHt

t
i ψψ =
∂
∂

h , find the 

evolution operator ),(ˆ
12 ttU that takes the system from time 1t  to 2t  

via )(),(ˆ)( 1122 tttUt ψψ = .  
 Hint: make sure that causality is guaranteed in the result. 

 
 
 
 

[2] 

  
(b)  Show that 11221122 ),(ˆ),;,( rttUrtrtrG rrrr

= , and use the explicit form 
for the evolution operator found above to write an expression for 
the propagator in terms of the Hamiltonian. 

 
 
 

[3] 

  
(c) Show that the Fourier transform  

2 1 2 1( , ; ) d ( , ; ,0)exp[ / ]G r r E tG r t r iEt= ∫r r r r
h  

is given by 

∑ +−
=

n n

nn

iEE
rr

i
ErrG

δ
ψψ )()();,( 21

*

12

rr
hrr , 

where nψ are the eigenfunctions of the Hamiltonian with 
eigenvalues nE , and δ is an infinitesimal positive number. 

 
 
 
 
 
 
 
 
 

[3] 

  
(d)  Using the above expression for the propagator, show that it 

satisfies )();,()ˆ( 12
3

12 rrErrGHEi rrrr

h
−=− δ . 

 

 
    

[2] 

 
 
 

END OF QUESTION PAPER 
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