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Question 1 [10]

(a) Find the gradient of V = 22 + y? — 2z
(b) Describe the surface V = 11.

(c) Find an equation for the plane tangent to this surface at the point P = 3i +
2j+ k.

Question 2 [11]

(a) The parametric curve C' is given by
r=acosti+asintj+ btk

where a, b are constants and ¢ is the parameter. Describe the curve. Evaluate
the arc-length of the curve between the points (a,0,0) and (a,0,4wb).

(b) Another curve is given in plane polar coordinates by r = ¢(1 + cos ), where ¢
is a constant. Sketch this curve, and evaluate the area enclosed inside it.

Question 3 [10]

Evaluate the line integral [, F-dr where F = (z— 222)i+ (y+2)j+xzk and C is the

curve from (0, 0, 0) to (3, 6, 9) described in parametric form as C : r = ti+2tj + %k,
where the parameter ¢ has the range 0 <t < 3.

Question 4 [11]

(a) Given a scalar field U and a vector field F, write down the expressions for VU
and V - F in Cartesian coordinates.

(b) Prove that V- (UF) =UV -F + (VU) -F.

(¢) Hence prove that for two scalar fields U, V', the Laplacian of the product UV
is

V3(UV)=UV?V + VV2U +2(VU) - (VV)
Question 5 [10]

(a) State the Divergence Theorem.

(b) The vector field F is given by F = (22 + y)i + (y + z2)j + 2?k. Evaluate the
divergence V - F, and thus using the Divergence Theorem, evaluate the surface
integral fS F.dS summed over all faces of the cuboid 0 < x < a, 0 <y < b,
0 < z < ¢, where dS is taken in the outward normal direction.
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Question 6 [12]

For each of the following vector fields F, calculate the curl V x F. If there is a scalar

field ® such that F = V@, find the most general such ®; otherwise give a reason
why no such ® exists.

(a) F=2%+yzj+ a2k,
(b) F = (322 + 2)i+2yj + 2k .

For the field in (b) above, explain why [ F.dr around any closed curve C' is zero.

Question 7 [12]

In spherical polar coordinates (7,6, ¢), the position vector is

r=rsinf cos¢i+ rsinf singj+ rcosfk
(a) Calculate Or/06 and Or/d¢, and show they are orthogonal.
(b) Hence prove that the area element dS on a surface of constant r is
dS = r’sinfe, df do
where e, is the unit vector parallel to r.

(¢) The vector field F is given in spherical polar coordinates by
F =2cosfe, +sinfey. The surface S is the hemisphere with r = a, z > 0, for
constant a. Using results above, evaluate the surface integral

[ was
s

where the normal is taken in the direction away from the origin.
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Question 8 [12]

(a) State Parseval’s theorem, without proof.

(b) Show that the function f(x) with period 27 whose values in —7 < z < 7 are
given by f(x) = 2?2 has the Fourier series

cosnx
n

71.2 X 1\n
S)="T a4y Y
n=1

Explain briefly why there are no sin nz terms in the series.

(c) By evaluating S(z) at a suitable z, prove that
o0

1 2
Y=g

n=1

Question 9 [12]

(a) For a scalar field U defined in cylindrical polar coordinates (p, ¢, z), show that
the Laplacian V2U is given by

CpOp  0pr  p2O0¢2 022
(You may quote results from the Appendix).

(b) The general z-independent solution of Laplace’s equation in cylindrical polars
is a sum of terms of the form

U(p;¢) = (Aod+ Bo)(Colnp+ Do)
o0
+ Z (A, cosmeo + By, sinmo) (C’mpm + Dmp_m)
m=1
where m is any positive integer, and the A;, B;, C;, D; are arbitrary constants.

Find the specific solution U(p, ¢) of Laplace’s equation in the disk p < 2, with
boundary condition given by U = 1+-cos? ¢ on the circle p = 2, and U bounded
at the origin.

End of Paper

( An Appendix of one page follows )
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Appendix
You are reminded of the following, which you may use without proof:

In orthogonal curvilinear coordinates (u1, ug, ug), with corresponding unit vectors
ey, ey, eg and arc-length parameters hy, ho, hs, the gradient of a scalar field f is
given by

1 9f 1 of 1 of
Vf_ hl 6ulel+ h2 01@82 h3 6uge

The divergence of a vector field F = Fje; + Fyeq + Fies is given by

__ 1 o
_h1h2h3 aul

0 0
V.F (hgthl) + %(hgthg) + 7(h1h2F3) ,

811,3
and the curl of the same vector field is given by

hier  hges  hges
8/6u1 8/8u2 8/8U3
h1Fy ho I h3F3

VxF =

hihahs

In spherical polar coordinates (u1, ug, ug) = (r, 0, ¢), the arc-length parameters are
hi=1, hg =r, h3 = rsinf.

In cylindrical polar coordinates (uj, ug, us) = (p, ¢, z), the arc-length parameters
are

h1:17h2:f77h3:1-
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