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You are reminded of the following, which you may use without proof.
In orthogonal curvilinear coordinates (u;, ug, us), with corresponding unit vectors
e, e, ez and arc-length parameters hy, ho, hs, the gradient of a scalar field f is given by
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The divergence of a vector field F = Fie; + Fyey + Fses is given by
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and the curl of the same vector field is given by
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In spherical polar coordinates (u, us, usz) = (r, 0, ¢), the arc-length parameters are
hy =1, hg =71, h3 =rsin6.

In cylindrical polar coordinates (uy, us, us) = (p, ¢, z), the arc-length parameters are
hy =1, hy =p, h3 =1.
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SECTION A

Al.

A2.

A3.

A4.

A5.

You should attempt all questions. Marks awarded for correct answers are shown
next to the questions.

(a) Find the gradient of V = 22 + y? — z.

(b) Sketch the surface V' = 1.

(c¢) Find an equation for the tangent plane to this surface at P =i+ 2j + 4k.  [10]

Find the line integral [, F.dr for the vector field F = (z — y)i + 2zyj + yk along the
following curves

(a) Cy: r = (4—t2)i+tj, —2<t<2
(b) Cy: the portion of the circle y? + 22 = 4 in z = 0, z > 0, between (0, 2, 0) and
(Oa _27 0) [8]

Explain why the integral [¢ V x F.dS over the hemisphere 2? + y? 4+ 2% = a2, z > 0,
is the same as [4V x F.dS over the disc 2? + y? < a?, 2z = 0, assuming that the
normal to both surfaces is taken in the positive z direction and that V x F is piecewise
continuous.

Evaluate . F.dr round the circle C given by 2? +y? = a?, z = 0, taken in the counter-
clockwise sense in the x, y plane as seen from positive z, where F = zi 4+ xj + yk, by
first converting this to an appropriate surface integral. [9]

Prove that
Vx(FxG)=FV -G)+(GV)F-G(V-F)—-(F.V)G,
where by definition (a.V)b means the vector whose ith component is a;0b;/0x;. [7]
[You may quote without proof the identity €;jx€im = 6j10km — djmOk.]
Show that the Fourier series of the odd function f(z) which has the values

f(x):{_l for — 7 <z <0
1 for O<axz<m.
is

>, 4sin((2p + 1)x)

S(w) =3

= @p+Dm
Using Parseval’s theorem, show that
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wodd ™8

[9]

[This question continues overleaf ... ]



[You are reminded that, with the usual notation for Fourier series, Parseval’s theorem
states that under appropriate conditions

| e =wad w30 (ad 4+ 82)

n=1

A6. What is the condition on L(z, y, y'), where ¢y = dy/dz, that ensures that the paths
y(x) which extremize the integral [ L(z, y, y')dz obey the equation L /0y’ = constant?
If L = 22"y, where n is a constant, find the extremizing paths. Under what conditions
can they join points at positive and negative values of x? 8]
A7. Given that ® = g(z)sinh(27y) is a solution of V?® = 0 (Laplace’s equation), find the
most general form of g(x).
Starting with your general form, find the particular g(x) such that ® obeys the following
conditions on the rectangle 0 < x < 1,0 <y < 2:
®=0onxr=0,ony=0andonz=1,
¢ = sin(27x) on y = 2. 9]
SECTION B
Each question carries 20 marks. You may attempt all questions, but only marks
for the best TWO questions will be counted.
B1. A vector field F satisfies

V x F = fF.
If f is constant, F is called a Beltrami field.
Show that

(a) (VxF)xF =0,
(b) if V-F =0 then F.Vf =0, and
(c) if F is a Beltrami field, so is V x F.

Find the appropriate value of f such that the field
F = Asin(y®)i + Acos(y?)k,
where A is a constant, obeys V x F = fF. Show further that V- F = 0.

[Next question overleaf]



B2.

B3.

B4.

In spherical polar coordinates the vector field F is given by
F = r(sin @ + cos 6)e, + 2rsin fey.
Verify the Divergence Theorem for this vector field over a sphere of radius a centered

at the origin.

Using the Divergence Theorem or otherwise, evaluate [ F.dS over the surface of the
hemisphere z? + y* + 22 < a?, z > 0.

A vector field F has the form G(z,y)i + H(x,y)j where

G = i A, cos(nmz/a) sinh(nry/a), H= i A, sin(nmz/a) cosh(nmy/a),

n=1 n=1

and the A, are constants.

(a) Show that this field is conservative and give the ® such that F = V.

(b) Show that this ® obeys Laplace’s equation.

(¢) Find the values of the A, for which ® =0 on z =0, x = a, and y = 0, and for
which 0®/9y (i.e. H) is ta — |fa — x| on y = b.

[You may assume the Fourier sine series

4. (—=1)Psin((2p+ 1)z)
o= lgm—al == (2p + 1)2

i

]

Show that the Fourier series S(x) of the function f(z) which has the values

f(x):{o for — 7 <z <0

cosx forO0<ax<m
is 4o 5
S(x):%cosm—l— ZM

1 (4p* = 1)
What is the value of S(z) at x = 7?
Using S(x) show that
i (2s 4+ 1)(—1)° _1_34_3 V2
—(4(2s+1)2—1) 3 35 99 16 °

[Next question overleaf]



B5.

B6.

y(x) extremizes the integral

Iy Z/abL(:v, y, y)dw

with y(a) and y(b) fixed and L given. Write down the equation which y must satisfy.

Show that if L = L(y, 3/) (i.e. L has no explicit = dependence) then there is a first

integral
,OL
Yy — — L = constant.
oy’
If L = [(y)? — k*y*] where k is a constant, find the curve y(z) extremizing I[y] and
passing through the points (0,0) and (7/2k,5).

In cylindrical polar coordinates the z-independent separable solutions of Laplace’s
equation V2® = 0, written as R(p)S(¢), can be shown to obey

pd(dRY 148
Rdp pdp B

S d¢? ’
where A is the separation constant.

(a) Show that if ® is single-valued on circles centred on the z-axis, only values \ =
m? > 0 are allowed, and

(b) give the most general corresponding S(¢) and R(p).

Find the solution of Laplace’s equation which is bounded at p = 0 and takes the values
4 cos? ¢ + sin(3¢) at p = 2.

[End of examination paper]



