Answer g5 many questions @t gouw wish. Full morks moy be obfoined by complete
atiswets to MINE guestions, provided Bed ne more than 3TXK guestions fueve been
selected from any one part. Al guestions corry el marks,

PART I NUMBER THEORY

Cuestion 1
i) Prove by induction that the formula
| + 6+ 15+ -+ n{dn=1) = laln+1)4n — 1)
Taeslel= foa all w = 1.

(i} Use the Evclidean Algorithm to determine the greatest commaon divisor of 232
and 140

(i} For which iteger values of ¢ does the linear Diophantine equation
alr =36y =1

havee solutions? Find the general solution of this equation, by any method, for
the case when ¢ takes the Jeast positive valne for which solutions exist.

Question 2
(17 Prove that there are infinitely many primes of the form 4k + 3.
(i} Consider the sequence of integers

S i e S 1R R

whase nth berm o, = n° 44 Consecutive terms: of this sequence are sither
relatively prime or are both divisible by a certain prime p.  Determine this
prime poand prove that, for all n > 1, ged{og, a4 ] = Loe

Cuestion 3

(i}  Suppose that o and & are integers, o and ™ oare positive integers and that
d 12 a divigor of m. For each of the following, decide whether it 15 true or
false. If true, prove it from the definition of congruence alone; if false. give a
counterexamphe

(a) Wa=F(modd) then a = b (mod m).

(b} H, for some integer k, ka = kb (mod m) then a = b (mod m).
{¢) Hda=dh(mod m)thena=h {mud E:I

{d) Ifa=db (mod m) then a = 0 [mod ).

(ii) Find the least positive integer which satisfies each of the following linear con-
Eriences simultaneously.

rEQ0{mod3); r=4(mod5); 2=8(modll).
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