Arswer as many quesfions or gou wish, Full marks may be oblained by complete
answers o NINE guesiions, provided that no more than SIX questions have been
selected from any one optien: Al muesfions carry equal marks

PART I MUMBER THEORY (MIS1, M382Z, M3I&3)

Question 1

(1) Use the Euclidean Algorithm to find the greatest commen divisor of 138 and
210, Hener find integees = and y such that

ged(138,210) = 138z + 210y.
[ii} The Fibonacc: sequence is defined by
M = uy =l
Uiy = Ungl Uy, foralls > 1.
Peowve, by induction, that
tr-puner = we = (—11", foralln > 2.

(iii) m and = are positive integ=rs such that n has remainder 4 on division by 9
amd m o= Gn £ 3 Prove bhat gtdim, n] = 1.

Duestion 2
(i} Prove by any method that there ace infinitely many primes.

{ii} Let n be a positive integer which is congruent to 3 (medulo 4], Prove that n
must have a prime divisor which is alse congrient to 3 (medule 4).

{i1) If m and n are inlegers such that grd{m, 3) = 1 and ged(n, 3) = |, prove that
m? 4 n? cannot be a perfect squars.

Question 3

{i] From the definiticn of congruence alome, prove that if ka =& {mod n} and
kc = d (mod n) then od & be {mod n).

{ii) Solve the lineer congruence 13z = 17 (mod 49).

{1} Find the least positive integer = which satiafies all thres of the following linsar
congruences sirmultaneously:

== limod 3}; 3= =4(med 7} 3z=5(mod 11).

Cluestion 4
(7] Determine the least positive remmainder when 7 is dizided by 145,

(ii) Suppose that p=dn+ 1 is prime, Use Wilsan's Theorem to prove that
[(2n¥)? & =1 (mod p).

Question 5
(1) (2] Prove the farmuola
TP BT pE) = (B Dk + 1) [k, + 1)
[You may assume that the r-function is multiplicative.]
(b} Find the least positive integer n for which r(n) = L5

{ii) Supose that pis a prims. Prove that no= 2°P-12# — 1} is perfect if asd only if
-1 s prime
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